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§1 J � E,P�8DY;F\3BN$�:'��0�
A1(t)|ut|

r1−2ut −∆u+

∫ t

0

g1(t− s)∆u(s)ds = f1(u, v), (x, t) ∈ Ω×R+, (1.1)

A2(t)|vt|
r2−2vt −∆v +

∫ t

0

g2(t− s)∆v(s)ds = f2(u, v), (x, t) ∈ Ω×R+, (1.2)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω, (1.3)

u(x, t) = v(x, t) = 0, (x, t) ∈ ∂Ω×R+, (1.4)� ri > 2 (i = 1, 2), R+ ≡ [0,+∞), Ω ⊂ Rn �!fer�� ∂Ω:f�hj�Ai(t) (i =

1, 2) �f�Ny��K�8P:�
�
ci|ω|

2
6 (Ai(t)ω, ω) 6 di|ω|

2, t ∈ R+, ω ∈ Rn, (1.5)w9 (·, ·) �� Rn -��:Vv� ci, di(i = 1, 2) �|���k� gi(·) : R+ → R+ n
fi(·, ·) : R

n ×Rn → Rn (i = 1, 2) e>G��:�w (H1) n (H2) k��(G1ZY;F\3BN$:'��0��





A(t)|ut|
m−2ut −∆u+

∫ t

0

g(t− s)∆u(s)ds = |u|p−2u, (x, t) ∈ Ω×R+,

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω×R+.

(1.6)Æ- 2021 [ 1 o 16 p�7� 2022 [ 1 o 24 p�7HXY�
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(1.6) �:N$1lh^$n36*N�:[	�NUB��r�pP��_�C:n*5|��?:U:Vn�?�H,e\8D��0 (	 [1]):

q = −d∇u−

∫ t

−∞

∇[k(x, t)u(x, τ)]dτ, (1.7)� u �+C� d �0u6��vS>���C�:�_A�w4N$:P�[fJF�g��	, [1–7]. -�N:�C1'�2Na&vS>�N$�:�S>�.��a+�\3BN$:6J,dhw4N$�pk� g(·) n�� m, p :�3�w�
8� Liu n Chen[8] 86Az��:X	Æ�a~z'�W?(|sv(V|�:
_F��3 m = 2, A(t) �XZ1*�y|�
Messaoudi[4] (GA'��0� (1.6), �p g(·) n p �3:�w�
8�}QA|'�W?�:
_�g�p g(·) = 0 :g/8� Pucci n Serrin[9] �JAr8Y;F\3BN$�

A(t)|ut|
m−2ut = ∆u− f(x, u), (1.8)� m > 2, f K� (f(x, u), u) > 0 ��N�:AN$ (1.8) '��0�z��:.pFz t → +∞ |�:.�F�2�Mf\)Æ�I��q� Berrimi n Messaoudi[10] }QAr8�g�Dh�3:'��
�m= 2 |�0� (1.6) :�"��Æ��m > 2 |��"F>�Æ��3 (1.6) �:N$�jl>|� Messaoudi n Tellab[5] 86A0� (1.6) z��:X	Æ��g��e��::��nF>�Æ��g���:�	g/�30� (1.1)–(1.4) ��j�_> (| gi(·) = 0, i = 1, 2) |� Escobedo n Herrero[11]P�A\8t�pG�\3N$�:)50��






ut −∆u = vp, (x, t) ∈ R+ ×Rn,

vt −∆v = uq, (x, t) ∈ R+ ×Rn,

u(x, 0) = u0(x) > 0, v(x, 0) = v0(x) > 0, x ∈ Rn,� p, q > 1, pq > 1, �86A8D�g� n
2 > max

{
1+p
pq−1 ,

1+q
pq−1

} |��'��z�.p�n
2 6 max

{
1+p
pq−1 ,

1+q
pq−1

}|�oXZQ^J�pf:|�VHy
_��q�Escobedon Levine[12] �v��g#f6N$��




ut −∆u = uαvp, (x, t) ∈ R+ ×Rn,

vt −∆v = uqvβ , (x, t) ∈ R+ ×Rn,

u(x, 0) = u0(x) > 0, v(x, 0) = v0(x) > 0, x ∈ Rn.th\vP��,d, [13–14]bs:*��6J}QA0� (1.1)–(1.4)z��:.pF� |�:Az��:Æ�a~��86A|'�W?�:
_F�z�:ySh�a~�



3 b WT% 833 Y5"guG?;Z<G℄4CO%� 285(~d��d	�,d ‖ · ‖s �� Lebesgue -� Ls(Ω) :L�� ‖ · ‖ �� L2(Ω):L��d<�L� ‖∇ · ‖�0-� H1
0 (Ω) L� ‖ · ‖H1

0(Ω). +%�Ci > 0 (i = 0, 1, 2, · · · )��Z2h[���:���
§2 L � R 5Dhk� gi(s) n fi(u, v), i = 1, 2, �r8�w�

(H1) gi(s) : R
+ → R+ 
h C1(R+), �K�

gi(s) > 0, g′i(s) 6 0, i = 1, 2, ∀s > 0z
1−

∫ +∞

0

gi(s)ds = li > 0, l = min{l1, l2}, i = 1, 2.+%�.p|�� ηi n ξi, ~8
−ηigi(t) 6 g′i(t) 6 −ξigi(t), i = 1, 2.

(H2) .pQVk� F (u, v) > 0 z�� C0, C1 > 0, K�
∂F

∂u
= f1(u, v),

∂F

∂v
= f2(u, v)z

C0(|u|
2p + |v|2p) 6 uf1(u, v) + vf2(u, v) = 2pF (u, v) 6 C1(|u|

2p + |v|2p),�
f1(u, v) = a(|u+ v|2(p−1)(u+ v) + |u|p−2u|v|p), ∀(u, v) ∈ Rn ×Rn,

f2(u, v) = a(|u+ v|2(p−1)(u+ v) + |u|p|v|p−2v), ∀(u, v) ∈ Rn ×Rn,

F (u, v) =
a

2p
(|u+ v|2p + |uv|p).w9 a > 0 ����

(H3) �� p, ri K�8D�
�
1 < p 6

n− 1

n− 2
, n > 3; 1 < p < +∞, n = 1, 2.

2 < ri 6
2n

n− 2
, n > 3; 2 < ri < +∞, n = 1, 2; i = 1, 2.(AP��S�g�bsMk

J (t) = J [u(t), v(t)]

=
1

2

(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

1

2

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+
1

2
[(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] −

∫

Ω

F (u, v)dx, (2.1)
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K(t) = K[u(t), v(t)]

=
(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] − 2p

∫

Ω

F (u, v)dx, (2.2)�
(gi ◦ w)(t) =

∫ t

0

gi(t− s)‖w(t) − w(s)‖2ds, i = 1, 2.�`0� (1.1)–(1.4) :.�x W :

W = {[u, v] ∈ [H1
0 (Ω)]

n × [H1
0 (Ω)]

n : K(t) > 0} ∪ {0}.#H 2.1 �rg
u ∈ C([0, T ), [H1

0 (Ω)]
n), v ∈ C([0, T ), [H1

0 (Ω)]
n),

ut ∈ C([0, T ), [Lr1(Ω)]n), vt ∈ C([0, T ), [Lr2(Ω)]n),

[u(0), v(0)] = [u0, v0] ∈ [H1
0 (Ω)]

n × [H1
0 (Ω)]

n,�f [u, v] K�
∫ t

0

∫

Ω

A1(s)|ut(x, s)|
r1−2ut(x, s)φ(x, s)dxds +

∫ t

0

∫

Ω

∇u(x, s)∇φ(x, s)dxds

−

∫ t

0

∫

Ω

∫ s

0

g1(s− τ)∇u(x, τ)∇φ(x, s)dτdxds =

∫ t

0

∫

Ω

f1(u, v)φ(x, s)dxds,

∫ t

0

∫

Ω

A2(s)|vt(x, s)|
r2−2vt(x, s)ψ(x, s)dxds +

∫ t

0

∫

Ω

∇v(x, s)∇ψ(x, s)dxds

−

∫ t

0

∫

Ω

∫ s

0

g2(s− τ)∇v(x, τ)∇ψ(x, s)dτdxds =

∫ t

0

∫

Ω

f2(u, v)ψ(x, s)dxds,�k� [φ, ψ] ∈ [H1
0 (Ω)]

n × [H1
0 (Ω)]

n, t ∈ [0, T ), s [u, v]  (0� (1.1)–(1.4) :t��,�db6K�r8�I0 2.1 w [u, v] �0� (1.1)–(1.4) :��s J (t) �dh t :Qtk��f
d

dt
J (t) = −

(∫

Ω

[A1(t)|ut|
r1 +A2(t)|vt|

r2 ]dx+
1

2
g1(t)‖∇u(t)‖

2

+
1

2
g2(t)‖∇v(t)‖

2 −
1

2
(g′1 ◦ ∇u)(t)−

1

2
(g′2 ◦ ∇v)(t)

)
6 0. (2.3)Q N$ (1.1) n (1.2) >�S� #\ ut n vt, �p Ω× [0, t] vvS�lq>�=��eS�vS�8

J (t)− J (0) = −

∫ t

0

(∫

Ω

[A1(s)|ut|
r1 +A2(s)|vt|

r2 ]dx+
1

2
g1(s)‖∇u(s)‖

2

+
1

2
g2(s)‖∇v(s)‖

2 −
1

2
(g′1 ◦ ∇u)(s)−

1

2
(g′2 ◦ ∇v)(s)

)
ds, t > 0. (2.4)



3 b WT% 833 Y5"guG?;Z<G℄4CO%� 287e+,�� J (t) �,vk�:kk��DhoX|s� [u, v], k� J (t) dh t $D=L�K�<� (2.3) �a+�e&OFk6���J!:�4�h, [7, 15–18]:�J�,80� (1.1)–(1.4) ���:.p'XF��gK�r8�#0 2.1 �w (H1)–(H3) !:�rg'� [u0, v0] ∈ [H1
0 (Ω)]

n × [H1
0 (Ω)]

n, s.p
T > 0, ~80� (1.1)–(1.4) f'X:��� [u(t), v(t)], �K�

u, v ∈ C([0, T ); [H1
0 (Ω)]

n), ut ∈ [Lr1(Ω× (0, T ))]n, vt ∈ [Lr2(Ω× (0, T ))]n.

§3 P 9 + "  M D8P:b6p0� (1.1)–(1.4) :z��P��d�
S:�d�I0 3.1 rg (H1)–(H3) !:��f'� [u0, v0] ∈ W K�
β =

C1C
2p
∗

l

[ 2p

(p− 1)l
J (0)

]p−1

< 1, (3.1)s [u(t), v(t)] ∈ W , ∀t ∈ [0, T ).Q e [u0, v0] ∈ W �� K(0) > 0. a+�e K(t) :=LF��.p T∗ 6 T , ~8
K(t) > 0, ∀t ∈ [0, T∗]. U����Dh t ∈ [0, T∗], f8P:�<�!:�

J (t) =
1

2

(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

1

2

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+
1

2
[(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] −

∫

Ω

F (u, v)dx

=
p− 1

2p

{(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)]
}
+

1

2p
K(t)

>
p− 1

2p

{(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)]
}
. (3.2)e (H1), (3.2) nb6 2.1 ��

l1‖∇u(t)‖
2 + l2‖∇v(t)‖

2

6

(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

6
2p

p− 1
J (t) 6

2p

p− 1
J (0), ∀t ∈ [0, T∗]. (3.3)d Sobolev �<����p (H1)–(H3), (3.1) n (3.3), 8

2p

∫

Ω

F (u, v)dx
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=

∫

Ω

[uf1(u, v) + vf2(u, v)]dx

6 C1(‖u‖
2p
2p + ‖v‖2p2p)

6 C1C
2p
∗ (‖∇u‖2p + ‖∇v‖2p)

6 C1C
2p
∗

( 1

l1
‖∇u‖2(p−1)l1‖∇u‖

2 +
1

l2
‖∇v‖2(p−1)l2‖∇v‖

2
)

6
C1C

2p
∗

l

[ 2p

(p− 1)l
J (0)

]p−1

(l1‖∇u‖
2 + l2‖∇v‖

2)

= β(l1‖∇u‖
2 + l2‖∇v‖

2)

<
(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)], ∀t ∈ [0, T∗]. (3.4)a+� K(t) > 0, ∀t ∈ [0, T∗]. �^6
lim
t→T∗

C1C
2p
∗

l

[ 2p

(p− 1)l
J (t)

]p−1

6 β < 1,
Tv�#5h$�,� T∗ R$6 T . b6 3.1 }��#0 3.1 �w (H1)–(H3) !:� [u(t), v(t)] ��6 2.1 86:����rg'�
[u0, v0] ∈ W K� (3.1), s [u(t), v(t)] �0� (1.1)–(1.4) :z���Q �S}Q ‖∇u(t)‖2+ ‖∇v(t)‖2 �f� (�Z2h|� t) :|,�p�6 3.1 :�
8�eb6 3.1 �� [u, v] ∈ W , ∀t ∈ [0, T ).�p (3.2) n (H1), 8

J (0) > J (t)

>
p− 1

2p

{(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2

+
(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2 + [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)]

}

>
p− 1

2p
(l1‖∇u(t)‖

2 + l2‖∇v(t)‖
2)

>
(p− 1)l

2p
(‖∇u(t)‖2 + ‖∇v(t)‖2), (3.5)|

‖∇u(t)‖2 + ‖∇v(t)‖2 6
2p

(p− 1)l
E(0) < +∞. (3.6)e�<� (3.6) n=LFk6 [19–20] ��0� (1.1)–(1.4) .pz�� [u, v]. �6 3.1 }��
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§4 P 9 + " 6 ) D(A�:0� (1.1)–(1.4) z��:Æ�a~�2NIS8P:>Zb6�I0 4.1 [21] w ϕ(t) > 0 � [0, T ] v:Qtk���K�
ϕ(t)1+α

6 k0(ϕ(t)− ϕ(t + 1)), ∀t ∈ [0, T ],� k0 > 0 n α > 0 ����s ϕ(t) f8P:Æ�F��
(i) 3 α > 0 |�

ϕ(t) 6 (ϕ(0)−α + k0
−1α[t− 1]+)−

1
α , t ∈ [0, T ],� [t− 1]+ = max{t− 1, 0}.

(ii) 3 α = 0 |�
ϕ(t) 6 ϕ(0)e−k[t−1]+ , t ∈ [0, T ],� k = ln k0

k0−1 .I0 4.2 p�6 3.1 :�
8�rg'� [u0, v0] ∈ W K� (3.1), s
(
1−

∫ t

0

g1(s)ds
)
‖∇u‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v||2

+ (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t) 6
1

θ
K(t), (4.1)� θ = 1− β > 0 ����Q F β = 1− θ, e (H1) n (3.4), �

2p

∫

Ω

F (u, v)dx

=

∫

Ω

[uf1(u, v) + vf2(u, v)]dx

6
C1C

2p
∗

l

[ 2p

(p− 1)l
E(0)

]p−1

(l1‖∇u‖
2 + l2‖∇v‖

2)

= β(l1‖∇u‖
2 + l2‖∇v‖

2)

= (1− θ)(l1‖∇u‖
2 + l2‖∇v‖

2)

6 (1− θ)
[(

1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)
]

=
(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)

− θ
[(

1−

∫ t

0

g1(s)ds
)
‖∇u‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v‖2



290  O [ & A w 43 #
+ (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)

]
. (4.2)<p (2.2) n (4.2), 8

θ
[(

1−

∫ t

0

g1(s)ds
)
‖∇u‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v‖2 + (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)

]
6 K(t).a+� (4.1) !:�#0 4.1 p�6 3.1 :�
8�0� (1.1)–(1.4) :z�� [u, v] ∈ W K�r8:Æ�a~�

(i) 3 r1 = r2 = 2 |� J (t) 6 J (0)e−k[t−1]+ .

(ii) 3 r1, r2 > 2 |�J (t) 6 (J (0)−α + γα[t− 1]+)−
1
α , � α = max

{
r1−2
2 , r2−2

2

}
,

k n γ �|���Q N$ (1.1) n (1.2) :>�S� #\ ut n vt, �p Ω× [t, t+ 1] vvS�lq>�=��e (1.5), 8
J (t)− J (t+ 1) =

∫ t+1

t

( ∫

Ω

[|ut|
r1−2A1(s)ut · ut + |vt|

r2−2A2(s)vt · vt]dx

+
1

2
g1(s)‖∇u(s)‖

2 +
1

2
g2(s)‖∇v(s)‖

2

−
1

2
(g′1 ◦ ∇u)(s)−

1

2
(g′2 ◦ ∇v)(s)

)
ds

>

∫ t+1

t

(
c1‖ut(s)‖

r1
r1

+ c2‖vt(s)‖
r2
r2

+
1

2
g1(s)‖∇u(s)‖

2

+
1

2
g2(s)‖∇v(s)‖

2 −
1

2
(g′1 ◦ ∇u)(s)−

1

2
(g′2 ◦ ∇v)(s)

)
ds. (4.3)EXNP�N$ (1.1) n (1.2) :>�S� #\ u n v, �p Ω× [t, t+ 1] vvS�lq>�=��8

∫ t+1

t

K(s)ds = −

∫ t+1

t

∫

Ω

A1(s)|ut|
r1−2utudxds

−

∫ t+1

t

∫

Ω

A2(s)|vt|
r2−2vtvdxds

+

∫ t+1

t

∫

Ω

∫ s

0

g1(s− τ)∇u(s)[∇u(τ) −∇u(s)]dτdxds

+

∫ t+1

t

∫

Ω

∫ s

0

g2(s− τ)∇v(s)[∇v(τ) −∇v(s)]dτdxds

+

∫ t+1

t

(g1 ◦ ∇u)(s)ds+

∫ t+1

t

(g2 ◦ ∇v)(s)ds. (4.4)w Bi = sup
t∈R+

Ai(t), i = 1, 2, se Hölder �<�� (H3), Sobolev �<�n (3.5) f8P:�<�!:�
−

∫ t+1

t

∫

Ω

A1(s)|ut|
r1−2utudxds
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6

∣∣∣
∫ t+1

t

∫

Ω

A1(s)|ut|
r1−2utudxds

∣∣∣

6 B1

∫ t+1

t

∫

Ω

||ut|
r1−2utu|dxds

6 B1

∫ t+1

t

‖ut(s)‖
r1−1
r1

‖u(s)‖r1ds

6 C∗B1

∫ t+1

t

‖ut(s)‖
r1−1
r1

‖∇u(s)‖ds

6 C∗B1

( 2p

(p− 1)l

) 1
2
(

sup
t6s6t+1

J
1
2 (s)

)( ∫ t+1

t

‖ut(s)‖
r1−1
r1

ds
)
. (4.5)e Hölder �<�n (4.3), �

∫ t+1

t

‖ut(s)‖
r1−1
r1

ds 6
( ∫ t+1

t

‖ut(s)‖
r1
r1
ds

) r1−1

r1
6 c

1−r1
r1

1 (J (t)− J (t+ 1))
r1−1
r1 . (4.6)- (4.5) n (4.6), f

−

∫ t+1

t

∫

Ω

A1(s)|ut|
r1−2utudxds 6 C2J

1
2 (t)(J (t)− J (t+ 1))

r1−1
r1 , (4.7)� C2 = C∗B1

(
2p

(p−1)l

) 1
2 c

1−r1
r1

1 .4�=�f
−

∫ t+1

t

∫

Ω

A2(s)|vt|
r2−2vtvdxds 6 C3J

1
2 (t)(J (t)− J (t+ 1))

r2−1
r2 , (4.8)� C3 = C∗B1

(
2p

(p−1)l

) 1
2 c

1−r2
r2

2 .d Young �<��8
∫ t+1

t

∫

Ω

∫ s

0

g1(s− τ)∇u(s)[∇u(τ) −∇u(s)]dτdxds

6 σ

∫ t+1

t

∫ s

0

g1(s− τ)‖∇u(s)‖2dτds+
1

4σ

∫ t+1

t

(g1 ◦ ∇u)(s)ds, (4.9)

∫ t+1

t

∫

Ω

∫ s

0

g2(s− τ)∇v(s)[∇v(τ) −∇v(s)]dτdxds

6 σ

∫ t+1

t

∫ s

0

g2(s− τ)‖∇v(s)‖2dτds +
1

4σ

∫ t+1

t

(g2 ◦ ∇v)(s)ds, (4.10)� σ > 0 ����a+�e (4.4) z (4.7)–(4.10), �
∫ t+1

t

K(s)ds 6 C2J
1
2 (t)(J (t)− J (t+ 1))

r1−1
r1

+ C3J
1
2 (t)(J (t)− J (t+ 1))

r2−1
r2

+ σ

∫ t+1

t

∫ s

0

g1(s− τ)‖∇u(s)‖2dτds

+ σ

∫ t+1

t

∫ s

0

g2(s− τ)‖∇v(s)‖2dτds
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+
( 1

4σ
+ 1

)(∫ t+1

t

(g1 ◦ ∇u)(s)ds+

∫ t+1

t

(g2 ◦ ∇v)(s)ds
)
. (4.11)EXNP�℄ (H1) n (4.3), ,8

∫ t+1

t

(g1 ◦ ∇u)(s)ds 6 −
1

ξ1

∫ t+1

t

(g′1 ◦ ∇u)(s)ds 6
2

ξ1
[J (t)− J (t+ 1)], (4.12)

∫ t+1

t

(g2 ◦ ∇v)(s)ds 6 −
1

ξ2

∫ t+1

t

(g′2 ◦ ∇v)(s)ds 6
2

ξ2
[J (t)− J (t+ 1)]. (4.13)<p (H1) n (4.1), f

∫ t+1

t

∫ s

0

g1(s− τ)‖∇u(s)‖2dτds

=

∫ t+1

t

‖∇u(s)‖2
∫ s

0

g1(τ)dτds

6 (1− l1)

∫ t+1

t

‖∇u(s)‖2ds

6
1− l1

l1θ

∫ t+1

t

K(s)ds, (4.14)

∫ t+1

t

∫ s

0

g2(s− τ)‖∇v(s)‖2dτds

=

∫ t+1

t

‖∇v(s)‖2
∫ s

0

g2(τ)dτds

6 (1− l2)

∫ t+1

t

‖∇v(s)‖2ds

6
1− l2

l2θ

∫ t+1

t

K(s)ds. (4.15)e (4.11)–(4.15) ,#8r8�<��
∫ t+1

t

K(s)ds 6 C2J
1
2 (t)(J (t)− J (t+ 1))

r1−1
r1

+ C3J
1
2 (t)(J (t)− J (t+ 1))

r2−1
r2

+
2

ξ

( 1

4σ
+ 1

)
[J (t)− J (t+ 1)] +

(1− l)σ

lθ

∫ t+1

t

K(s)ds, (4.16)� ξ = min{ξ1, ξ2}. Mj σ �`��~8 σ < θl
1−l

. e (4.16), 8
∫ t+1

t

K(s)ds 6 C4[J
1
2 (t)(J (t)− J (t+ 1))

r1−1
r1

+ J
1
2 (t)(J (t)− J (t+ 1))

r2−1
r2 + (J (t)− J (t+ 1))], (4.17)� C4 =

(
1− (1−l)σ

lθ

)
max

{
C2, C3,

2
ξ

(
1
4σ + 1

)}
.e (2.1)–(2.2), ��pb6 4.2 �: (4.1), ,�

J (t) =
p− 1

2p

{(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ [(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)]
}
+

1

2p
K(t)
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6
p+ θ − 1

2pθ
K(t). (4.18)

(4.18) �>� |p [t, t+ 1] vvS��d (4.17), 8
∫ t+1

t

J (s)ds 6 C5[J
1
2 (t)(J (t)− J (t+ 1))

r1−1
r1

+ J
1
2 (t)(J (t)− J (t+ 1))

r2−1
r2 + (J (t)− J (t+ 1))], (4.19)� C5 = p+θ−1

2pθ C4.eb6 2.1 ��
J (t+ 1) 6 J (s), ∀s 6 t+ 1.a+

J (t+ 1) 6

∫ t+1

t

J (s)ds. (4.20)e (4.19) n (4.20), 8
J (t) = J (t+ 1) + [J (t)− J (t+ 1)]

6

∫ t+1

t

J (s)ds+ [J (t)− J (t+ 1)]

6 C5[J
1
2 (t)(J (t)− J (t+ 1))

r1−1

r1 + J
1
2 (t)(J (t)− J (t+ 1))

r2−1

r2

+ (J (t)− J (t+ 1))] + (J (t)− J (t+ 1)), (4.21)e (4.21), ��h Young �<� (F ε = 1, µ = ν = 2), 8
J (t) 6 C6[(J (t)− J (t+ 1))

2(r1−1)
r1 + (J (t)− J (t+ 1))

2(r2−1)
r2

+ (J (t)− J (t+ 1))], (4.22)� C6 > 0 �Z2h[���:���3 r1 = r2 = 2 |�e (4.22), f
J (t) 6 3C6(J (t)− J (t+ 1)). (4.23)�b6 4.2 d6 (4.23) ��8

J (t) 6 J (0)e−k[t−1]+ ,�
k = ln

3C6

3C6 − 1
.3 r1, r2 > 2 |�e (4.22) ,88�!:

J (t) 6 C6[J (0)r1−1 + J (0)r2−1 + J (0)
1−min{ 2

r1
, 2

r2
}
](J (t)− J (t+ 1))

min{ 2
r1

, 2
r2

}

6 C7(J (t)− J (t+ 1))min{ 2
r1

, 2
r2

}
, (4.24)�

C7 = C6[J (0)r1−1 + J (0)r2−1 + J (0)1−min{ 2
r1

, 2
r2

}].
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J (t)1+max{

r1−2
2 ,

r2−2
2 }

6 C8(J (t)− J (t+ 1)), (4.25)� C8 = C7
max{

r1
2 ,

r2
2 }.F α = max

{
r1−2
2 , r2−2

2

}
, � (4.25) dhb6 4.2, 8

J (t) 6 (J (0)−α + γα[t− 1]+)−
1
α ,� γ = 1

C8
.

§5 + " � 4�P�0� (1.1)–(1.4) �:
_F��(+F
λ1 =

( 1

C9C
2p
∗

) 1
2(p−1)

, d =
p− 1

2p
λ21, (5.1)��� C9 > 0 e (5.8) \)��`k�

ρ(t) =
(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+ (g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t). (5.2)4�h Vitillaro[14] P�1Z�BN$�:
_F�2Nbsr8b6�I0 5.1 �w (H1)–(H3) !:� [u, v] 0� (1.1)–(1.4) :��rg J (0) < d, f
(‖∇u0‖

2 + ‖∇v0‖
2)

1
2 > λ1, (5.3)s.p�� λ2 > λ1 > 0, ~8

ρ(t)
1
2 > λ2, ∀t > 0. (5.4)Q e Minkowski �<�z Sobolev �<��8

‖u+ v‖22p 6 2(‖u‖22p + ‖v‖22p) 6 2C2
∗(‖∇u‖

2 + ‖∇v‖2). (5.5)<p Hölder �<�� Young �<�n Sobolev �<��f8P�<�!:�
‖uv‖p 6 ‖u‖2p‖v‖2p 6

1

2
(‖u‖22p + ‖v‖22p) 6

C2
∗

2
(‖∇u‖2 + ‖∇v‖2). (5.6)e (H1)–(H3) n (5.5)–(5.6), �∫

Ω

F (u, v)dx

=
1

2p

∫

Ω

[uf1(u, v) + vf2(u, v)]dx

=
a

2p
(‖u+ v‖2p2p + ‖uv‖pp)

6
aC

2p
∗

2p

(
2p +

1

2p

)
(‖∇u‖2 + ‖∇v‖2)p
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6
C9C

2p
∗

2p
(l1‖∇u‖

2 + l2‖∇v‖
2)p, (5.7)�

C9 =
a

lp

(
2p +

1

2p

)
. (5.8)- (H1), (2.1) n (5.7) ,#)

J (t) =
1

2

(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

1

2

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+
1

2
[(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] −

∫

Ω

F (u, v)dx

>
1

2
ρ(t)−

C9C
2p
∗

2p
(l1‖∇u‖

2 + l2‖∇v‖
2)p

>
1

2
ρ(t)−

C9C
2p
∗

2p
ρ(t)p

=
1

2
λ2 −

C9C
2p
∗

2p
λ2p

= Q(λ), (5.9)w9 λ = ρ(t)
1
2 . q℄}Qk� Q(λ) !fr8F�� 0 < λ < λ1 |� Q(λ) �1tk��

λ > λ1 |� Q(λ) �1�k�� λ→ +∞ |� Q(λ) → −∞, �f
Q(λ1) =

1

2
λ21 −

C9C
2p
∗

2p
λ
2p
1 =

p− 1

2p
λ21 = d.se J (0) < d ��.p λ2 > λ1, K� Q(λ2) = J (0).w

λ0 = (‖∇u(0)‖2 + ‖∇v(0)‖2)
1
2 = ρ(0)

1
2 ,se (5.9), f

Q(λ0) 6 J (0) = Q(λ2),| λ0 > λ2.(}Q (5.4) !:�2N~dK}I��w.p t0 > 0, ~8 ρ(t0)
1
2 < λ2. ek� ρ(t)dh t :=LF�,Mj t0 K� ρ(t0)

1
2 > λ1. e (5.9) ��

J (t0) > Q(ρ(t0)
1
2 ) > Q(λ2) = J (0).wn J (t) < J (0), ∀t ∈ [0, T ) LE�a+� (5.4) !:�b6 5.1 }��(}Q�:
_F���X�D�� m nk� gi(·) �r8�w� 2 < m < 2p, f

∫ ∞

0

gi(s)ds <
m
2 − 1

m
2 + 1

2m − 1
, i = 1, 2. (5.10)



296  O [ & A w 43 ##0 5.1 �w (H1)–(H3), (1.5) n (5.10) !:�rg 2 6 ri < 2p, i = 1, 2, �f'�
[u0, v0] ∈ [H1

0 (Ω)]
n × [H1

0 (Ω)]
n K�
0 6 J (0) < d̃ =

( 1

m
−

1

2p

)
λ21n (‖∇u0‖

2 + ‖∇v0‖
2)

1
2 > λ1, s0� (1.1)–(1.4) :���pf:|�VHy
_�Q w

H(t) = d̃− J (t), (5.11)s- (2.1), (2.3), (5.2), (5.11) nb6 5.1, f
0 < H(0) 6 H(t) = d̃− J (t)

6 d̃−
λ22
2

+

∫

Ω

F (u, v)dx

<
( 1

m
−

1

2p

)
λ21 −

λ21
2

+

∫

Ω

F (u, v)dx

< −
1

2p
λ21 +

∫

Ω

F (u, v)dx. (5.12)a+
C1(‖u‖

2p
2p + ‖v‖2p2p) >

∫

Ω

F (u, v)dx >
1

2p
λ21 +H(t). (5.13)N$ (1.1) n (1.2) :>�S�#\ u n v, �p Ω vvS�lq>�=��e (2.1), ��p Young �<�n (5.11), 8

0 = 2p

∫

Ω

F (u, v)dx− ‖∇u‖2 − ‖∇v‖2

+

∫

Ω

∫ t

0

g1(t− s)∇u(t)∇u(s)dsdx

+

∫

Ω

∫ t

0

g2(t− s)∇v(t)∇v(s)dsdx

− (A1(t)|ut|
r1−2ut, u)− (A2(t)|vt|

r2−2vt, v)

= 2p

∫

Ω

F (u, v)dx−
(
1−

∫ t

0

g1(s)ds
)
‖∇u‖2 −

(
1−

∫ t

0

g2(s)ds
)
‖∇v‖2

+

∫

Ω

∫ t

0

g1(t− s)∇u(t)[∇u(s)−∇u(t)]dxds

+

∫

Ω

∫ t

0

g2(t− s)∇v(t)[∇v(s) −∇v(t)]dxds

− (A1(t)|ut|
r1−2ut, u)− (A2(t)|vt|

r2−2vt, v) +mJ (t)−mJ (t)

> (2p−m)

∫

Ω

F (u, v)dx+
(m
2

− 1
)(

1−

∫ t

0

g1(s)ds
)
‖∇u‖2

+
(m
2

− 1
)(

1−

∫ t

0

g2(s)ds
)
‖∇v‖2 +

m

2
(g1 ◦ ∇u)(t) +

m

2
(g2 ◦ ∇v(t)
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−
[
δ(g1 ◦ ∇u)(t)) +

1

4δ

∫ t

0

g1(s)ds‖∇u(t)‖
2 + δg2 ◦ ∇v)(t))

+
1

4δ

∫ t

0

g2(s)ds‖∇v(t)‖
2
]
− (A1(t)|ut|

r1−2ut, u)

− (A2(t)|vt|
r2−2vt, v) +mH(t)−md̃

> a1[(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] + a2‖∇u‖
2 + a3‖∇v‖

2

− (A1(t)|ut|
r1−2ut, u)− (A2(t)|vt|

r2−2vt, v)

+ (2p−m)

∫

Ω

F (u, v)dx−md̃, (5.14)�
a1 =

m

2
− δ,

a2 =
(m
2

− 1
)
−
(m
2

− 1 +
1

4δ

) ∫ t

0

g1(s)ds,

a3 =
(m
2

− 1
)
−
(m
2

− 1 +
1

4δ

) ∫ t

0

g2(s)ds.Mj δ, ~8 0 < δ < m
2 , e (5.10) �� ai > 0, i = 1, 2, 3. EXNP�e (2.1) nb6 2.1,8

1

2

(
1−

∫ t

0

g1(s)ds
)
‖∇u(t)‖2 +

1

2

(
1−

∫ t

0

g2(s)ds
)
‖∇v(t)‖2

+
1

2
[(g1 ◦ ∇u)(t) + (g2 ◦ ∇v)(t)] 6 J (0) + 2p

∫

Ω

F (u, v)dx. (5.15)e (5.15) nb6 5.1, f
2p

∫

Ω

F (u, v)dx >
ρ(t)

2
− J (0) >

λ22
2

−Q(λ2) =
C9C

2p
∗

2p
λ
2p
2 . (5.16)e (5.16), �

(2p−m)

∫

Ω

F (u, v)dx−md̃

= (2p−m)

∫

Ω

F (u, v)dx−m
2p

∫
Ω F (u, v)dx

2p
∫
Ω
F (u, v)dx

d̃

> (2p−m)

∫

Ω

F (u, v)dx−
2mpd̃

C9(λ2C∗)2p

(
2p

∫

Ω

F (u, v)dx
)

= C10 · 2p

∫

Ω

F (u, v)dx, (5.17)� C10 = 1− m
2p − 2mpd̃

C9(λ2C∗)2p
�e (5.1) �� C10 > 0.<p (1.5), (5.14), (5.17), (H2) n Young �<��,8

0 > C10 · 2p

∫

Ω

F (u, v)dx− (A1(t)|ut|
r1−2ut, u)− (A2(t)|vt|

r2−2vt, v)

> C10 · 2p

∫

Ω

F (u, v)dx− d1‖u‖2p‖ut‖
r1−1
2p(r1−1)

2p−1

− d2‖v‖2p‖vt‖
r2−1
2p(r2−1)

2p−1
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> (C0C10 − ε)(‖u‖2p2p + ‖v‖2p2p)− C(ε)(‖ut‖

2p(r1−1)
2p−1

2p(r1−1)
2p−1

+ ‖vt‖
2p(r2−1)

2p−1

2p(r2−1)
2p−1

). (5.18)Mj ε �`��~8 ε < C0C10 �e (5.18), �
‖ut‖

2p(r1−1)
2p−1

2p(r1−1)
2p−1

+ ‖vt‖
2p(r2−1)

2p−1

2p(r2−1)
2p−1

> C11(‖u‖
2p
2p + ‖v‖2p2p). (5.19)a( 2 6 ri < 2p, i = 1, 2, �\ ri >

2p(ri−1)
2p−1 .- (1.5), (H2), (2.3), (5.13) n (5.19), 8

H′(t) = −J ′(t)

> c1‖ut‖
r1
r1

+ c2‖vt‖
r2
r2

> C12(‖ut‖
r1
2p(r1−1)

2p−1

+ ‖vt‖
r2
2p(r2−1)

2p−1

)

> C13(‖u‖
2p
2p + ‖v‖2p2p)

(2p−1)r
2p(r−1)

> C14

( 1

2p
λ21 +H(t)

) (2p−1)r
2p(r−1)

, (5.20)� r = max{r1, r2}. e (5.20), �
(
H(t) +

1

2p
λ21

)′

> C14

(
H(t) +

1

2p
λ21

) (2p−1)r
2p(r−1)

. (5.21)

(5.21) �>�p [0, t] vvS�8
H(t) +

1

2p
λ21 >

( 1

H(0) + 1
2pλ

2
1 − C15t

) 2p(r−1)
2p−r

, (5.22)w9 C15 = 2p(r−1)
2p−r

C14 > 0.�^6 H(t) > H(0) = d̃ − E(0) ∈ (0, d̃) z 2 6 r < 2p, s.p Tmax =
H(0)+ 1

2pλ
2
1

C15
, K� t→ T−

max |� H(t) → +∞.e (H2) n (2.1), f
H(t) 6 d̃+

∫

Ω

F (u, v)dx 6 d̃+ C1(‖u‖
2p
2p + ‖v‖2p2p),|

C1(‖u‖
2p
2p + ‖v‖2p2p) > H(t)− d̃.a+�p L2p(Ω) L�:^`8�0� (1.1)–(1.4) :� [u, v] pf:|�VHy
_�� � - � ; � >
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Abstract The initial-boundary value problem for a class of quasilinear parabolic systems

with viscoelastic terms and nonlinear source terms is studied. The existence of global solu-

tions for this problem is proved by constructing a stable set, and the asymptotic behavior

of the global solutions is establised. Meanwhile, under suitable conditions on relaxation

function and the positive initial energy, the authors obtain blow-up result for some solutions

and give the lifespan estimates of solutions.
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