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1 , � *9|Q�W�vHuGvs`D
5�"^�1Q1SD(�℄U
? [1−4]. vs`I}eU4N0�A�grM�$h.Æj�D^i| Schrödinger \)Qv6 [1−4],e\)%_QSyDvs`2��bs`�
s` [1−5]. bs`55'Z#�>P ��*�1�*O �`7�\\^i|`7Db�kK��A_j`7D(�6'f�T�UG�vbs`M�"5$ETI�O�;"veI�`LD�Dj�Tv6veO_jm+DoK0�gr�[r��Ki_``D0�\)�T1�[r
?�bDx��`7j�^i| Schrödinger \)	
{

iut + a1uxx + (b1|u|2 + c1|v|2 + e1)u = 0,
ivt + a2vxx + (b2|u|2 + c2|v|2 + e2)v = 0,

(1.1)AX u � v -_jk�i"v�xDo��l��` x � t `��+0�ET�'$�
a1, b1, c1 � a2, b2, c2 N- t D�7� e1 � e2 N-u' x � t D�7�= a1 = a2 = 1, b1 = b2 = c1 = c2 = 2µ, e1 = e2 = 0 '�AX µ -�jE#7��At!7Q�^Z#�>P ��* [4], 9�`7j�^i| Schrödinger \) (1.1) �T

{
iut + uxx + 2µ(|u|2 + |v|2)u = 0,
ivt + vxx + 2µ(|u|2 + |v|2)v = 0.

(1.2)1\)-M�j�DB) Manakovyj�^i| Schrödinger\)�D%p`bs`2�= a1 = a2 = 1, b1 = b2 = c1 = c2 = −2µ, e1 = e2 = 0 '�AX µ -�jE#7��At!7Q�^E#�>P ��* [4], zp�`7j�^i| Schrödinger\) (1.1)�T
{

iut + uxx − 2µ(|u|2 + |v|2)u = 0,
ivt + vxx − 2µ(|u|2 + |v|2)v = 0,
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150 8 � } I 33 F A �1\)-�jM�j�D�) Manakov y^i| Schrödinger \)�D%
bs`2�

s`2�Q\) (1.1)Ds`0pD
?�<,+�S"I#Di|\W\W2/Dgr�Uk� RRÆp'�?At^i|\)Di|�YF��6TK�/ Estabrook �
WahlquistD�M0p\W [6−11] q%`L�?i|�YFD\W�e\W�'OS`z*`L�Cartan-Ehresmann^l [12−13] �W87 [13−14] �+Uk�Estabrook�Wahlquist�M0p\WDÆN-Q'�jkLD�S`\)�3�8�tvDO\�`���(-\)�T�`e�.D�S`\)e�vO\�`ndD\)-i|D�5At\)Og,D�`M�Ji-�Q,�7�gO��MM�"OS`z*Æ� Cartan-Ehresmann^lOD jet 4 [12] D)ÆQ(g�9|Q�:``�`7^i| Schrödinger \)�<C�x[D
?�[�� Lü5W [15] O
?v6℄�U Bose-Einstein~Bs`M℄�DD%i|,D:``^i| Schrödinger \)D Painlevé |N�e\)�b	

iut +
1

2
uxx + µ|u|2u+ xf(t)u = 0. (1.4)gO�Li 5W [16] OY" Hirota9i|\Wk-e\)D:�9s`2�5ÆWO�[r(Y"�M0p� Hirota 9i|\W
?�`7j�^i| Schrödinger \) (1.1)DM�|�;�2�3I}
?\) (1.1) D�M0p�[rE- 3 jM�D�`7j�^i| Schrödinger \)�-^Y" Hirota 9i|\W [17−20] >-BrD:�9p`s`2�AtM�D�`7\)-:``^i| Schrödinger \) (1.4) D_``M�P=�

2 3 � � 	 x o ! � 5 � ~ % ) Schrödinger | tbuI}
?\) (1.1) D�M0p>- 3 jM�D�`7j�^i| Schrödinger\)�#$ p = u∗  q = v∗, zp\) (1.1) �T



iut + a1uxx + (b1up+ c1vq + e1)u = 0,
ipt − a1pxx − (b1up+ c1vq + e1)p = 0,
ivt + a2vxx + (b2up+ c2vq + e2)v = 0,
iqt − a2qxx − (b2up+ c2vq + e2)q = 0.

(2.1)-^��8 4 jvDO\�` φ1, ϕ1, φ2, ϕ2 �b	
φ1 = ux, ϕ1 = px, φ2 = vx, ϕ2 = qx.A��[r%Hhz M = {x, t, u, v, p, q, φ1, φ2, ϕ1, ϕ2}, 51Hhz"L��jS` 2-z*�� I = {α1, α2, α3, α4, α5, α6, α7, α8}, �O

α1 = du ∧ dt+ φ1dt ∧ dx,

α2 = dp ∧ dt+ ϕ1dt ∧ dx,

α3 = dv ∧ dt+ φ2dt ∧ dx,

α4 = dq ∧ dt+ ϕ2dt ∧ dx,

α5 = idu ∧ dx− a1dφ1 ∧ dt+ (b1up+ c1vq + e1)dt ∧ dx,

α6 = idv ∧ dx− a2dφ2 ∧ dt+ (b2up+ c2vq + e2)dt ∧ dx,

α7 = −idp ∧ dx − a1dϕ1 ∧ dt+ (b1up+ c1vq + e1)dt ∧ dx,
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α8 = −idq ∧ dx− a2dϕ2 ∧ dt+ (b2up+ c2vq + e2)dt ∧ dx,AX2hz S = {x, t, u, v, p, q} -Hhz M D�j`hz�= αi|S = 0 (i = 1, 2, · · · , 8)'�[rRvC�\) (2.1). gO��FS` 2-z*�� I -�jS`�Ul��
dI ⊆ I [12].8���8�bD n jS` 1-z*	
ωi = dyi − F̃ i(x, t, u, v, p, q, φ1, φ2, ϕ1, ϕ2; y

i)dx− G̃i(x, t, u, v, p, q, φ1, φ2, ϕ1, ϕ2; y
i)dt,AX i = 1, 2, · · · , n, #$�7 F̃ i � G̃i i|�R' yi, � F̃ i = F iyi, G̃i = Giyi. =(S` 1-z* ωi hM52hz S "'�[r% ωi = 0, � yi

x = F iyi � yi
t = Giyi. T\��&�� F i = F, Gi = G  yj = y, [r% yx = Fy  yt = Gy.mC Estabrook � Wahlquist DhW [6], (S` 2-z*�� I � {
ωi

}n

1
0�MC�jP=DS`z*�� Ĩ =

{
α1, α2, α3, α4, α5, α6, α7, α8;ω

i
}
, S`z*�� Ĩ ��5OS`3?b-�j�Ul�� dĨ ⊆ Ĩ . $' dαi ∈ I ⊂ Ĩ (i = 1, 2, · · · , 8), L�� dωi ∈ Ĩ ,�

dωi =

8∑

j=1

f i
jαj + ηi ∧ ωi, i = 1, 2, · · · , n, (2.2)�O f i

j - x � t D�7� ηi = Aidx + Bidt (i = 1, 2, · · · , 8) -S` 1-z*� A � BN- x � t D�7�(\) (2.2) =H�[rM�C�u' F � G D�e�S`\)�b	
Fφ1

= Fφ2
= Fϕ1

= Fϕ2
= 0, Gφ1

− ia1Fu = 0,

Gϕ1
+ ia1Fp = 0, Gϕ2

+ ia2Fq = 0, Gφ2
− ia2Fv = 0,

Guφ1 +Gpϕ1 +Gvφ2 +Gqϕ2 − iFu(b1 up+ c1 vq + e1)u

+ iFp(b1 up+ c1 vq + e1)p− iFv(b2 up+ c2 vq + e2)v

+ iFq(b2 up+ c2 vq + e2)q − [F,G] = 0, (2.3)AX [F,G] = FG−GF.<}3?�[rUg7= a2 = a1 Æ� a2 = −a1 '�Atu' F � G D�S`\)%^�Y2��&��|�#$ a2 = a1, 9�S`\)e (2.3) D2T
F = X1u+X2v +X3p+X4q +X5, (2.4)

G = iX1a1 φ1 − iX3a1 ϕ1 + iX2a1 φ2 − iX4a1 ϕ2 − ia1 uX9 − ia1 upX7 − ia1 uqX8

− ia1 pvX10 + ia1 pX14 − ia1 qvX11 + ia1 qX15 − ia1X12v +X16,AX Xi (i = 1, 2, · · · , 16) -bu��LDAC�BrndWO�u` [Xi, Xj] = XiXj −
XjXi ��bD*�u`*	

[X5, X16] = 0, iX4c2 + ia1 [X4, X11] = 0, [X4, X15] = 0,

ia1 [X5, X12] − [X2, X16] − iX2e2 = 0, ia1 [X5, X9] − iX1e1 − [X1, X16] = 0,

[X3, X9] + [X5, X7] − [X1, X14] = 0, ia1 [X3, X8] + ia1 [X4, X7] + iX4b2 = 0,

ia1 [X3, X11] + ia1 [X4, X10] + iX3c1 = 0, [X5, X11] + [X4, X12] − [X2, X15] = 0,

[X5, X10] − [X2, X14] + [X3, X12] = 0, ia1 [X2, X7] + ia1 [X1, X10] − iX2b2 = 0,

ia1 [X1, X11] + ia1 [X2, X8] − iX1c1 = 0, [X4, X9] + [X5, X8] − [X1, X15] = 0,

[X1, X12] + [X2, X9] = 0, [X2, X12] = 0, ia1 [X3, X7] + iX3b1 = 0,



152 8 � } I 33 F A �
[X4, X14] + [X3, X15] = 0, ia1 [X1, X7] − iX1b1 = 0, ia1 [X2, X11] − iX2c2 = 0,

iX3e1 − ia1 [X5, X14] − [X3, X16] = 0, iX4e2 − ia1 [X5, X15] − [X4, X16] = 0,

[X1, X8] = 0, [X4, X8] = 0, [X2, X10] = 0, [X3, X10] = 0,

[X3, X14] = 0, [X1, X9] = 0.

(2.5)AX
L = {X1, X2, · · · , X16}-�j�P�DW87�&T�M87�TC�1�M87DAC�+�[r1^(����W87 sl(m,C) O�33g%:D�z m = 2 H)�<}�?Ug sl(2,C) 87�{v6 L. �1�bu[r( L ��� sl(3,C) 87O�3*�u` (2.5) O��Ug�bD*�u`	

[X1, X7] =
b1

a1
X1, [X1, X3] = X7,A�w X1 - sl(3,C) 87OD�jtf,� X7 -�jO|,��1[rM�$

X1 =




0 0 1

0 0 0

0 0 0


 , X7 =



− b1

2a1

0 0

0 0 0

0 0 b1
2a1


 , X3 =




0 0 0

0 0 0

− b1
2a1

0 0


 .3*�u` (2.5) O�[r�M�Ug�bD*�u`	

[X2, X11] =
c2

a1
X2, X11 = [X2, X4],A�w X2 - sl(3,C) 87OD�jtf,� X11 -�jO|,��1[rM�$

X2 =




0 1 0

0 0 0

0 0 0


 , X11 =



− c1

2a1
0 0

0 c1

2a1

0

0 0 0


 , X4 =




0 0 0

− c1

2a1

0 0

0 0 0


 .#$ X5 � X16 -��D 3 × 3 AC�(�"�%DAC�+8�*�u`* (2.5)O�[rUg�bDu`*'\	

a1 = a2 = r, b1 = b2 = κ1r, c1 = c2 = κ2r, e1 = F1 + ψx, e2 = F2 + ψx, (2.6)�O r, ψ, F1, F2 N-u' t D���7�κ1 � κ2 -��#7�K'�[rC��M87 L D�%,=D 3× 3 AC�+�(AtAC�+8�\) (2.4) O�[rC��`7j�^i| Schrödinger\) (1.1) 5!7 (2.6) bDi|�YF���bD Lax Q	
yx = Fy, yt = Gy, y = (y1, y2, y3)T, (2.7)AX

F =




2i
3 ρ− 2λ v u

− 1
2κ2 v

∗ − i
3ρ+ λ 0

− 1
2κ1 u

∗ 0 − i
3ρ+ λ


 , (2.8)

G =




g11 ir(vx + iρv − 3λv) ir(ux + iρu− 3λu)

− 1
2 iκ2r(iρv

∗ − v∗x − 3λv∗) g22 − 1
2 iκ2ruv

∗

− 1
2 iκ1r(iρu

∗ − u∗x − 3λu∗) − 1
2 iκ1ru

∗v g33


 ,�O λ -�!7� g11, g22 � g33 `�nd

g11 =
1

2
iκ1r|u|2 +

1

2
iκ2r|v|2 +

2i

3
ψx,
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g22 = −1

2
iκ2r|v|2 −

i

3
xψ − iF2(t) − irρ2 − 6λ rρ− 9λ2ir,

g33 = −1

2
iκ1r|u|2 − irρ2 − 6λ rρ− 9λ2ir − i

3
xψ − iF1(t),AX ρ =

∫
ψdt.1i|�YFDM�|H' yxt = ytx k-�bDM�j�^i| Schrödinger \)	

{
iut + ruxx + r(κ1|u|2 + κ2|v|2)u+ (F1(t) + ψx)u = 0,
ivt + rvxx + r(κ1|u|2 + κ2|v|2)v + (F2(t) + ψx)v = 0.

(2.9)A-�jM�j��`7^i| Schrödinger\)�Y���\) (2.9) D�YF (2.7) �
(2.8) -W [21] O AKNS �YFD�QD50
��T κ1 � κ2 -^f(!7�BrM�K� (E�Æd�), �M�Z���&��|�[r#$�b�Q�z	 (i) κ1 = −2, κ2 = 2, (ii) κ1 = κ2 = 2 � (iii) κ1 = κ2 = −2.

(i) = κ1 = −2, κ2 = 2 '�M�j�^i| Schrödinger \) (2.9) �T
{

iut + ruxx − 2r(|u|2 − |v|2)u+ (F1(t) + ψx)u = 0,
ivt + rvxx − 2r(|u|2 − |v|2)v + (F2(t) + ψx)v = 0,

(2.10)A-�QvSyD�`7B)-�)j�^i| Schrödinger \)�BD%bbs`2�
bs`2�

s`2�
(ii) = κ1 = κ2 = 2 '�M�j�^i| Schrödinger \) (2.9) �T

{
iut + ruxx + 2r(|u|2 + |v|2)u+ (F1(t) + ψx)u = 0,
ivt + rvxx + 2r(|u|2 + |v|2)v + (F2(t) + ψx)v = 0,

(2.11)A-B) Manakov \) (1.2) D�Q�`7M�P=��o�"DB)-�)j�^i|
Schrödinger \) (2.10), B7D%bbs`2�

(iii) = κ1 = κ2 = −2 '�M�j�^i| Schrödinger \) (2.9) �T
{

iut + ruxx − 2r(|u|2 + |v|2)u+ (F1(t) + ψx)u = 0,
ivt + rvxx − 2r(|u|2 + |v|2)v + (F2(t) + ψx)v = 0,

(2.12)A-�) Manakov \) (1.3) D�Q�`7M�P=�e\)D%
bs`2�

s`2�<-q%bbs`2��" 3 jM�D�`7j�^i| Schrödinger \) (2.10)–(2.12) �~�S℄U"R�D^G�j�^i| Schrödinger \)�D�I�Br�~:``�`7^i|
Schrödinger \) (1.4)[15−16]. �?At\)D;�s`2-�m^#R�D
?ni�bu�[r(p7At\)Df*D9s`2�$' LaxQ (2.7)� (2.8)z*�4�Y"Z�#\WÆ Darboux ��\W��s`2(�^#4��1�[r(Y" Hirota9i|\W [17−20] �At\)D;�s`2�
3 5 � ~ % ) Schrödinger | t (2.10)–(2.12) x & � � 3 �T%�2�`7j�^i| Schrödinger\) (2.10)–(2.12)%"DM℄�{T��CAt\)D;�Ds`2-���D��1�[r(Y" Hirota 9i|\W [17−20]�C\) (2.10)� (2.11)D;�Dbbs`2���\) (2.12)D
bs`2�A�})�M�"Q�CBrDp` N -s`2��T�5AX[r7
?BrD:�9s`2�
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3.1 zr (2.10) v���13�mCW [17], [r ��bD Hirota 9i|��	

u =
g

f
, v =

h

f
, (3.1)�O g = g(x, t) � h = h(x, t) GT�7� f = f(x, t) -(�7�( (3.1) 8���`7B)-�)j�^i| Schrödinger \) (2.10) O�MC�bD9i|\)	






iDtg · f + rD2
xg · f + (F1 + ψx)gf = 0,

D2
xf · f + 2gg∗ − 2hh∗ = 0,

iDth · f + rD2
xh · f + (F2 + ψx)hf = 0,

(3.2)AX� D-?` [17] L�T
Dn

xD
m
t g(x, t) · f(x, t) ≡

( ∂

∂x
− ∂

∂x′

)n( ∂
∂t

− ∂

∂t′

)m

g(x, t)f(x′, t′)
∣∣∣
x=x′,t=t′

.T�C\) (2.10)Dp`bs`2�[r(�7 f, g � h ='�bD�7z*	




f = 1 + ǫ2f2 + ǫ4f4 + · · · ,
g = ǫg1 + ǫ3g3 + · · · ,
h = ǫh1 + ǫ3h3 + · · · ,

(3.3)�O ǫ -�j^f=H`7�( (3.3) 8�\) (3.2), �Q�!7 ǫ DK2t�MC
ig1t + rg1xx + (F1 + ψx)g1 = 0,

i(g1tf2 − g1f2t + g3t) + r(g1xxf2 − 2 g1xf2x + g1f2xx + g3xx)

+ (F1 + ψx)(g1f2 + g3) = 0,

ih1t + rh1xx + (F2 + ψx)h1 = 0,

i(h1tf2 − h1f2t + h3t) + r(h1xxf2 − 2 h1xf2x + h1f2xx + h3xx)

+ (F2 + ψx)(h1f2 + h3) = 0,

f2xx + g1g
∗

1 − h1h
∗

1 = 0,

f4xx + f2xxf2 − f2x
2 + g1g

∗

3 + g3g
∗

1 − h1h
∗

3 − h3h
∗

1 = 0,

(3.4)

...mCW [17–20] ODhW�#$
g1 =

N∑

j=1

αj exp(ξj), ξj = µj(x, t) + iνj(x, t),

h1 =

N∑

j=1

βj exp(ηj), ηj = δj(x, t) + iσj(x, t),�O αj � βj GT��^f#7�Jz�2\) (3.4), M�C�\) (2.10) Dbb N -s`2�T�C�p`:s`2�[r3#$ N = 1, �
g1 = α1e

ξ1 , h1 = β1e
η1 , (3.5)AX� ξ1 = µ1(x, t) + iν1(x, t), η1 = δ1(x, t) + iσ1(x, t),  µ1, ν1, δ1 � σ1 GT x � t D9L�7�
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g1 = α1e

ξ1 , h1 = β1e
η1 , gj = hj = 0 (j = 3, 5, · · · ),

f2 = eξ1+ξ∗

1
+ξ0 = eη1+η∗

1
+ξ0 , fj = 0 (j = 4, 6, · · · ),

eξ0 =
β2

1 − α2
1

4C2
1

, i =
√
−1,

ξ1 = i
[ ∫

(rC2
1 + F1 − rρ2)dt+ ρx

]
+ C1x− 2C1

∫
ρrdt,

η1 = i
[ ∫

(rC2
1 + F2 − rρ2)dt+ ρx

]
+ C1x− 2C1

∫
ρrdt,

(3.6)

�O C1, α1, β1 GT��(!7� ρ =
∫
ψdt.�1�$!7 ǫ = 1, [rM�C�\) (2.10) Dbb:s`2�b	

u =
α1e

ξ1

1 + eξ1+ξ∗

1
+ξ0

, v =
β1e

η1

1 + eξ1+ξ∗

1
+ξ0

, (3.7)�O ξ1, η1 � ξ0 nd (3.6).�| N = 2, [rM�#$
g1 = α1e

ξ1 + α2e
ξ2 , h1 = β1e

η1 + β2e
η2 , (3.8)�O ξj = µj(x, t) + iνj(x, t) � ηj = δj(x, t) + iσj(x, t) (j = 1, 2).Y"b��?�( (3.8)8��\) (3.4) O��2C�D\)�[rMC\) (2.10)Dbb9s`2�b	

u =
α1e

ξ1 + α2e
ξ2 + eξ1+ξ∗

1
+ξ2+ξ0

1 + eξ2+ξ∗

2
+ξ1+ξ0

2

1 + eξ1+ξ∗

1
+R1 + eξ2+ξ∗

2
+R2 + eξ∗

1
+ξ2+R3 + eξ1+ξ∗

2
+R3 + eξ1+ξ∗

1
+ξ2+ξ∗

2
+R4

, (3.9)

v =
β1e

η1 + β2e
η2 + eη1+η∗

1
+η2+η0

1 + eη2+η∗

2
+η1+η0

2

1 + eξ1+ξ∗

1
+R1 + eξ2+ξ∗

2
+R2 + eξ∗

1
+ξ2+R3 + eξ1+ξ∗

2
+R3 + eξ1+ξ∗

1
+ξ2+ξ∗

2
+R4

, (3.10)AX
ξj = i

[ ∫
(rC2

j + F1 − rρ2)dt+ ρx
]

+ Cjx− 2Cj

∫
ρrdt, (3.11)

ηj = i
[ ∫

(rC2
j + F2 − rρ2)dt+ ρx

]
+ Cjx− 2Cj

∫
ρrdt, (3.12)

eξ0

1 = (C2 − C1)
α2C2(β

2
1 − α2

1) + C1α2(α
2
1 + β2

1) − 2C1α1β1β2

4(C1 + C2)2C2
1

,

eξ0

2 = (C2 − C1)
α1C1(α

2
2 − β2

2) − α1C2(β
2
2 + α2

2) + 2C2α2β1β2

4(C1 + C2)2C2
2

,

eη0

1 = (C1 − C2)
β2C2(α

2
1 − β2

1) + β2C1(β
2
1 + α2

1) − 2C1α1α2β1

4(C1 + C2)2C2
1

,

eη0

2 = (C1 − C2)
β1C1(β

2
2 − α2

2) − β1C2(β
2
2 + α2

2) + 2C2α1α2β2

4(C1 + C2)2C2
2

,

eR1 =
β2

1 − α2
1

4C2
1

, eR2 =
β2

2 − α2
2

4C2
2

, eR3 =
β1β2 − α1α2

(C1 + C2)2
,

eR4 =
(C1 − C2)

2(C1Ω1 − C2Ω2)(C1Ω2 − C2Ω1)

16C2
1C

2
2 (C1 + C2)4

,



156 8 � } I 33 F A ��O Ω1 = (α1 + β1)(β2 − α2), Ω2 = (β1 − α1)(β2 + α2),  Cj , αj , βj (j = 1, 2) GT��(#7�A-\) (2.10) D�j�~ 6 j!7D��Dp`9bs`2�I}.=�8At!7�[rM�C�19s`2Df�z\��f�z\D9s`D�[DD�gO�$ N = 3, Y"K�D�V�M�C�\) (2.10) Dp` 3-bs`2�
3.2 zr (2.11) v���1( (3.1) 8��`7B) Manakov \)e (2.11) O�[rMC�bD9i|\)	






iDtg · f + rD2
xg · f + (F1 + ψx)gf = 0,

D2
xf · f − 2gg∗ − 2hh∗ = 0,

iDth · f + rD2
xh · f + (F2 + ψx)hf = 0.

(3.13)Y"�"D�?\W�[r�M�C�\) (2.11) D;�Dbbs`2�buT\��&�7e-g�0|�\) (2.11) Dbb:s`2
u =

α1e
ξ1

1 + eξ1+ξ∗

1
+ξ0

, v =
β1e

η1

1 + eξ1+ξ∗

1
+ξ0

, (3.14)AX
eξ0 =

β2
1 + α2

1

4C2
1

, i =
√
−1,

ξ1 = i
[ ∫

(rC2
1 + F1 − rρ2)dt+ ρx

]
+ C1x− 2C1

∫
ρrdt,

η1 = i
[ ∫

(rC2
1 + F2 − rρ2)dt+ ρx

]
+ C1x− 2C1

∫
ρrdt,�O C1, α1 � β1 GT��(#7� ρ =

∫
ψdt.\) (2.11) Dbb9s`2�b	

u =
α1e

ξ1 + α2e
ξ2 + eξ1+ξ∗

1
+ξ2+ξ0

1 + eξ2+ξ∗

2
+ξ1+ξ0

2

1 + eξ1+ξ∗

1
+R1 + eξ2+ξ∗

2
+R2 + eξ∗

1
+ξ2+R3 + eξ1+ξ∗

2
+R3 + eξ1+ξ∗

1
+ξ2+ξ∗

2
+R4

, (3.15)

v =
β1e

η1 + β2e
η2 + eη1+η∗

1
+η2+η0

1 + eη2+η∗

2
+η1+η0

2

1 + eξ1+ξ∗

1
+R1 + eξ2+ξ∗

2
+R2 + eξ∗

1
+ξ2+R3 + eξ1+ξ∗

2
+R3 + eξ1+ξ∗

1
+ξ2+ξ∗

2
+R4

, (3.16)AX ξj , ηj (j = 1, 2) `�$ (3.11) � (3.12) k-�
eξ0

1 = (C1 − C2)
C1α2(α

2
1 − β2

1) − C2α2(α
2
1 + β2

1) + 2C1α1β1β2

4(C2 + C1)2C2
1

,

eξ0

2 = (C1 − C2)
α1C1(α

2
2 + β2

2) − α1C2(α
2
2 − β2

2) − 2C2α2β1β2

4(C2 + C1)2C2
2

,

eη0

1 = (C2 − C1)
C2β2(β

2
1 + α2

1) − C1β2(β
2
1 − α2

1) − 2C1α1α2β1

4(C2 + C1)2C2
1

,

eη0

2 = (C2 − C1)
2C2α1α2β2 − C2β1(α

2
2 − β2

2) − C1β1(β
2
2 + α2

2)

4(C2 + C1)2C2
2

,

eR1 =
α2

1 + β2
1

4C2
1

, eR2 =
α2

2 + β2
2

4C2
2

, eR3 =
α1α2 + β1β2

(C1 + C2)2
,

eR4 = [(C2
1 + C2

2 )(α2
1 + β2

1)(α2
2 + β2

2) − 2C1C2((β1β2 + α1α2)
2 − (α1β2 − α2β1)

2)]
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· (C2 − C1)
2

16C2
1C

2
2 (C1 + C2)4

,�O Cj , αj , βj (j = 1, 2) GT��(#7�
3.3 zr (2.12) vl��1	u<J-�`7�) Manakov \) (2.12) q%bbyp`s`2��15A�`[r�?BrD
byp`s`2�I-�\) (2.12) D
byp`s`2�^#4��1�[r3Y"k<��(�Z
'�Q%:z*�T1�#$\) (2.12) D��7 u � v D%�bz*	{

u = ̺1U(T,X)ei(υ2x+υ1),

v = ̺2V (T,X)ei(ι2x+ι1),
(3.17)AX X = ω1x+ ω2,  T, ω2, υ1, υ2, ι1 � ι2 GT t D9L�7� ̺1, ̺2 � ω1 GT9L#7��7 U(T,X) � V (T,X) nd�bD�℄�) Manakov \)	




iUT +
1

2
UXX − (|U |2 + |V |2)U = 0,

iVT +
1

2
VXX − (|U |2 + |V |2)V = 0.

(3.18)( (3.17) 8�\) (2.12) O�#$ U(T,X) � V (T,X) nd\) (3.18), [rMC�ju' T, ω1, ω2, ̺1, ̺2, υ1, υ2, ι1 � ι2 D#S`\)e
2 r̺2ω1ι2 + ̺2ω2t = 0, ̺1υ1t + r̺1υ2

2 − ̺1F1 = 0, ̺2ι1t + r̺2ι2
2 − ̺2F2 = 0,

2 rρ2
2 = Tt, 2 rω1

2 = Tt, 2 ̺1
2r = Tt, ̺1υ2t = ̺1ψ, ̺2ι2t = ̺2ψ,

2 r̺1ω1υ2 + ̺1ω2t = 0.�2Aj#S`\)e�[r%
̺1 = ̺2 = ω1 = ̺, υ2 = ι2 = ρ, ω2 = −2 ̺

∫
rρdt,

υ1 =

∫
(F1 − rρ2)dt, ι1 =

∫
(F2 − rρ2)dt,

(3.19)�O ̺ -�j^f#7� ρ =
∫
ψdt.�|[r{r�C\) (3.18) Ds`2��`7�) Manakov\) (2.12)Ds`2(�I} (3.17) � (3.19) C��T1��8 Hirota 9i|���b	
U =

g

f
, V =

h

f
, (3.20)�O g = g(T,X), h = h(T,X) T�7� f = f(T,X) T(�7�( (3.20) 8�\)

(3.18), [rMC\) (3.18) D9i|z*�b	




[
iDT +

1

2
D2

X + χ
]
g · f = 0,

(1

2
D2

X + χ
)
f · f + gg∗ + hh∗ = 0,

[
iDT +

1

2
D2

X + χ
]
h · f = 0,

(3.21)AX�[r�8!7 χ Q�?\) (3.18) D
s`2�T�C\) (3.18) D
b:s`2�mCW [4], (�7 f, g � h h�b=H	
g = g0(1 + ǫ2g2), h = ǫh1, f = 1 + ǫ2f2. (3.22)



158 8 � } I 33 F A �( (3.22)8�9i|\) (3.21),S<	uD�?�M��C�7 g0, g2, h1, f2 �b	
g0 = τ0e

i[d1X+(χ−d2

1
/2)T ], h1 = α1e

ξ1 , (3.23)

f2 = µ1e
ξ1+ξ∗

1 , g2 = − γ1

γ∗1
µ1e

ξ1+ξ∗

1 ,AX� τ0, α1 GT#7� d1 -�j(#7�!7 χ = −|τ0|2  ξ1 = θ1X + i( θ1
2

2 +χ)T ,�O θ1 -�j#7� γ1 � µ1 nd
γ1 = θ1 − id1, µ1 = |α1|2

[ |τ0|2(γ1 + γ∗1 )2

γ1 γ
∗

1

− (θ1 + θ∗1)2
]
−1

. (3.24)���\) (3.18) D
b:s`2T
U = τ0

1 − γ1

γ∗

1

µ1e
ξ1+ξ∗

1

1 + µ1eξ1+ξ∗

1

ei[d1X+(χ−d2

1
/2)T ], V =

α1e
ξ1

1 + µ1eξ1+ξ∗

1

. (3.25)T�C\) (3.18) D
b9s`2�( (3.21) OD�7 f, g � h h�b=H	
g = g0(1 + ǫ2g2 + ǫ4g4), h = ǫh1 + ǫ3h3, f = 1 + ǫ2f2 + ǫ4f4. (3.26)<}4D�?�MC\) (3.18) D
b9s`2�b	

U = g0
1 − γ1

γ∗

1

µ11e
ξ1+ξ∗

1 − γ1

γ∗

2

µ12e
ξ1+ξ∗

2 − γ2

γ∗

1

µ21e
ξ2+ξ∗

1 − γ2

γ∗

2

µ22e
ξ2+ξ∗

2 + γ1γ2

γ∗

1
γ∗

2

Reξ1+ξ∗

1
+ξ2+ξ∗

2

1 + µ11eξ1+ξ∗

1 + µ12eξ1+ξ∗

2 + µ21eξ2+ξ∗

1 + µ22eξ2+ξ∗

2 +Reξ1+ξ∗

1
+ξ2+ξ∗

2

,

(3.27)

V =
eξ1 + eξ2 + ν12µ11µ21e

ξ1+ξ∗

1
+ξ2 + ν21µ12µ22e

ξ2+ξ∗

2
+ξ1

1 + µ11eξ1+ξ∗

1 + µ12eξ1+ξ∗

2 + µ21eξ2+ξ∗

1 + µ22eξ2+ξ∗

2 +Reξ1+ξ∗

1
+ξ2+ξ∗

2

, (3.28)AX�ξ1 = θ1X+i( θ1
2

2 +χ)T , ξ2 = θ2X+i( θ2
2

2 +χ)T , γ1 = θ1−id1, γ2 = θ2−id2, χ = −|τ0|2
µij =

[ |τ0|2(γi + γ∗j )2

γi γ
∗

j

− (θi + θ∗j )2
]
−1

,

νij = (θi − θj)
2
[ |τ0|2
γiγj

+ 1
]
, R = µ11µ22|ν12µ12|2,�O d1, d2 GT(#7� θ1, θ2 � τ0 GT#7�5A�/�Y" Hirota 9i|\W[r`�p7\) (2.10)–(2.11) D;�Df*bbs`2�\) (2.12) Df*
bs`2�I}Atp7M�UgQ'\) (2.9) OD�K`7 κ1 � κ2 M�C��KSyDp`s`2�gO�Y"kK)�[r�M�C�\) (2.10)–(2.12)Dp` 3-s`2�p` N -s`2�<-�5veI�D(��"O�
?9s`D�[})d�;wYF�

4 � � �H�ÆWY"�M0p� Hirota 9i|\W
? �`7x�j�^i|
Schrödinger\)�C� 3 evD�`7M�j�^i| Schrödinger\) (2.10)–(2.12)��i|�YF��Y" Hirota 9i|\W�CBrD:�9p`s`2�BrD�Az*D;�2(�5(QD
?O�C�T�UG�Wronskian �� [22−24] -�2M�^i| Schrödinger\)D%s\W��[rGB<KD^i| Schrödinger\)!%9 Wronskian2�[r�TÆWC�D
3 jM�j�^i| Schrödinger \) (2.10)–(2.12) M{!%9 Wronskian 2����8
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New Integrable Variable-Coefficient Coupled Nonlinear

Schrödinger Equations and Their Soliton Solutions
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Abstract A generalized variable-coefficient coupled nonlinear Schrödinger equation is stud-

ied by the prolongation structure and the Hirota’s method. Three new integrable variable-

coefficient coupled nonlinear Schrödinger equations and their linear spectral problems (Lax

pairs) are derived. Then the one- and two-vector soliton solutions to these integrable equa-

tions are obtained by means of Hirota’s method. These vector solutions may have important

applications in the optical soliton communications.
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