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Abstract In this paper, by using the method of Picard-Fuchs equation and
Riccati equation, we study the upper bounds for the associated number of zeros
of Abelian integrals for two classes of quadratic reversible centers of genus one
under any polynomial perturbations of degree n, and obtain that their upper
bounds are 3n — 3 (n > 2) and 18 [%] + 3 [%5*] (n > 4) respectively, both of
the two upper bounds linearly depend on n.
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1. Introduction

Consider a planar polynomial system of the form

+ Mp(x’y)a % = _}m + MQ($7y); (11)

dt — N(z,y)

where o (0 < p < 1) is a real parameter, F]{[y((i’;)% Ij\f(yy")), p(z,y), g(x,y) are any

polynomials of z, ¥, max {deg (I}I\;’(fyy))) ,deg (If\f((;;))) } = m, max {deg(p(z,v)), }
{deg(q(z,y))} = n. System (1.1) is an integrable system when p = 0, where H (z,y)
is a first integral, and N(z,y) is an integrating factor. Further, we suppose that
system (1.1) has at least a center when p = 0. i.e., we can define a continuous
family of ovals

Iy C {(z,y) ER®: H(z,y) = h,h € Q},

which are defined on a maximal open interval Q = (hy, hs). The question of this
paper is: for any small g, how many limit cycles in system (1.1) can be bifurcated
from the period annulus I',? It is well known that in any compact region of the
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period annulus, the number of limit cycles of system (1.1) is no more than isolated
zeros of the following Abelian integral A(h),

A(h) = d N(z,y)la(z,y) dz — p(z,y) dy] , h € Q. (1.2)
h

A)If 4 =0, and (1.1) is a Hamiltonian system, that is, N(z,y) is a real number,
and N(z,y) # 0, deg(H(z,y)) = m + 1. Finding an upper bound Z(m,n) for
the number of the isolated zeros of the Abelian integral A(h) is an important and
significant problem, where the upper bound Z(m,n) only depends on m, n and
does not depend on the concrete forms of H(z,y), p(x,y), and g(z,y). It is called
the weakened Hilbert’s 16th problem by Arnold in [1]. This problem has been
studied widely, such as, researchers obtain plentiful important results for Liénard
systems [9, 10], and more details can be found in the books [2,4], and the review
article [7].

B) If 4 = 0, however (1.1) is an integrable non-Hamiltonian system, that is,
N(z,y) is not a real number. Maybe N(z,y) and H(z,y) are not polynomials, so
the study of the associated Abelian integral become much more difficult. Thus,
researchers consider this problem by starting from the simplest case: the degrees of
the unperturbed systems are low, specific, m = 2, and conjecture that the upper
bound linearly depends on n, nevertheless, this conjecture is still far from being
solved.

For quadratic reversible centers of genus one, there are essentially 22 cases in
the classification in [3], namely (r1)—(r22). The linear dependance of case (r1) was
studied in [11]; cases (r3)—(r6) were studied in [8]; cases (r9), (r13), (r17), and
(r19) were studied in [6]; cases (rll), (r16), (r18), and (r20) were studied in [5],
all of these upper bounds linearly depend on n. In order to thoroughly study these
problems, whereas we consider other two cases (r21) and (r12), we obtain that their
upper bounds are 3n — 3 (n > 2) and 18 [%] +3 ["T_l] (n > 4), respectively, both
of the two upper bounds linearly depend on n.

The forms of cases (r21) and (r12) are as follows

: . 2,1 1
&=y, §=—y*+ 50— 5.
(r21) —2 (1,2 21 21 1 (1.3)
H(z,y) =272 (39° — gro+ 35) = h, he (=5,0),
with an integrating factor N(z,y) = x73;
L S 1,2 1 1
(riz) CT T YT TV et T (1.4)

H(z,y) =275 (39" + g + giw) = h h € (3r,+00),
with an integrating factor N(z,y) = 275,
In this paper, our main results include the following theorem.

Theorem 1.1. For any polynomials p(x,y) and q(x,y) of degree n, the upper
bounds for the corresponding number of zeros of the Abelian integral

A(h) = d N(z,y)q(x,y)dx — p(z,y)dy], h € Q,

where 'y, are orbits of the corresponding system given above, which linearly depend
on n. Concretely, for (r21), the upper bound is 3n—3 whenn > 2, 0 when n = 1,0;
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for (r12), the upper bound is 18 [%] +3 ["7_1] whenn >4, 33 when 1 <n <3,0
when n = 0.

2. Abelian Integral

Suppose polynomials p(z,y) = >  ars2"y%, gz, y) = > brsx"y’, so, the
0<r+s<n 0<r+s<n

Abelian integral A(h) in Theorem 1.1 has the form

A(h):?{ Y Z by sz"y’dx — Z ar sz y’dy |,
T'n

0<r+s<n 0<r+s<n

-V

where ™" is an integrating factor.

For concision, Abelian integral is denoted by I, ;(h) as follows:

- f v
Tn

where r = —1,0,1,---
instead of I,.1(h).
Note that

$p, Ay v—r
l,rfu sd —_ Iy — ZL,rfyfl S+1d.’£ —_ I B h .
jgh y*dy e S+1j§ Y 78+1r1,s+1()

,n—1mn;5=0,1,2,--- ,n,n+ 1. When s = 1, we use J,.(h)

Thus, A(h) can be written as

A(h’) = Z bnsIr,s(h) + Z ar,s 211{]7«_1754,_1 (h) = Z anIr,s(h)-
0<r<n, 0<r<n, —1<r<n,
0<s<n, 0<s<n, 0<s<n+1,
0<r+s<n 0<r+4s<n 0<r+s<n
(2.1)

For the Abelian integral A(h), we have the following proposition.
Proposition 2.1. 1) For (r21), the Abelian integral A(h) can be expressed as

A(h) = e K (h), K (h) = a(h)Jo(h) + B(h)Ji(h), (n>2), (2.2)

Oé(h)Jo(h), (’I’L =0, 1)a

where deg(a(h)) < n—2, deg(B(h)) <n—1, whenn > 2; and deg(a(h)) = 0, when
n=0,1.
2) For (r12), the Abelian integral A(h) can be expressed as

A(h) = a(h)Jo(h) + B(R)Jy (h) +~(h)Jz (R), (n>1), 23)
3(h)J-1(h), (n=0),

where deg(a(h)) < 3[2] — 3, deg(B(h)) < 3[%] — 2, deg(y(h)) < 3[%E] —
when n > 4; deg(a(h)) < 3, deg(B(h)) < 1, deg(y(h)) < 2, when n=1,23; an d
deg(d(h)) =0, when n = 0.

Wl

=)
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Proof. For (r21) and (r12), because I; s(h) = 0 when s is an even number, we
only need to consider odd values for s.
1) For (r21), v = 3, using C replace 55, and it follows from (1.3) that

Ay
— Py ya— +2C2™ 2 —2Cx™ % =0. (2.4)
Multiplied (2.4) by x'y*~2 and integrating over I';,, we obtain
t4+s—2
ffz’,s( ) =2C [Liy1,5—2(h) — I s_2(h)], (2.5)
where s is a positive odd number, i.e. s =1,3,5,---,2[3] + 1, for system (r21), w
restrict = —1,0,1,2,3,--- ,n—1,and 0 <i+s g n.

) Ifi+s—2=0,1ie, (i,s) =(1,1), or (4,5) = (—1,3), A(h) includes I; ;(h) and
I_13(h). Because I; 1(h) is Ji(h), we mainly consider I_; 3(h). Let ¢ = —1, and
s = 3, from equality (2.5), we obtain

Jo1(h) = Jo(h). (2.6)
(i) Ifi+s—2#0,1ie, (4,5) # (1,1), and (4,5) # (-1, 3), we rewrite (2.5) as
o) = 2 Tt oma() = i) 1)

which indicates I; s(h) can be expressed in terms of I;11 s—2(h) and I; s_2(h), and
then step by step, thus, I; ;(h) can be written as a linear combination of J;(h)(i =
—1,0,---) and I_; 3(h) with the form

cmm (i#1,5=1),
I; q(h) = Z (3,s) leJrk(h) ('L >0,s>3), (2.8)
8 kig
c(-1,s), kJe(h) +d_1 11 3(h), (i=—1,5>05).
k=0
From (2.1) and (2.8), we get
A(h) = Ay (h) + Az(h) + As(h) + As(h),
n—1 _ ~ 553
where A1 (h) = 3 bp1Ji(h), Az(h) = 3 bo1s Y. c_1.6),kTk(h), Aa(h)
k=—1 5<s<2[L]+1, k=0
s=1mod?2
= Z Br,s Z C(T,S),k‘]T-‘rk'(h‘)v A4(h) = 8—1,31—1,3(]7/) + Z B—l,sd—l,s X
ogrgngg, k=0 5<s<2[2]4+1
s=1mod?2, s=1mod?2

3<r+s<n
I_q13(h) = J,1,3I,173(h). For As(h), the maximum number of r + k is r + %1 =
n—3+351 = n—2, and the minimum number is 0+0 = 0. For A3(h), the maximum
number of k is [LH = ["T*Q] <n-—3(n>4), and the minimum number is 0.
If denoted Al(h) + Ag(h) + Ag(h) by A5(h), i.e., A5(h) = Al(h) + AQ(h) + Ag(h),
so As(h) is a linear combination of Jy(h)(k = —1,0,--- ,n — 1), we have that

n—1

A(h) = As(h) + Ag(h) = Z endi(h) +d_131_1 3(h), (2.9)
k=1
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where e, € R (k= —-1,0,--- ,n—1).
Again, it follows from (1.3) that

1
§x*2y2 —2Cz ' +C27% = h. (2.10)

Multiplied (2.10) by 2°~'y*~2 and integrating over I'j,, we obtain
1
§Ii,s(h) = hliy9 s—2(h) +2CIi11 s—2(h) — CI; s_o(h). (2.11)

() Ifi+s—2=0,ie., (i,s) = (1,1),0r (i,s) = (=1,3),if h:= 4, let i = -1, s = 3,
from equalities (2.6), (2.9) and (2.11), we obtain

I_13(h) =2hJi(h) +4CJo(h) —2CJ_1(h) = 2hJ1(h) 4+ 2CJy(h),

thus,
RIy(h) = hd_1,31_13(h) = 2d_1 3ChJy(h) + 2d_1 3J1(h).

(i) fi+s—2#0, ie, (i,s) # (1,1), and (4,s) # (—1,3), let s = 3, by (2.7),
equality (2.11) can be written as
(i — Q)le(h) = (7, + 1)hJZ+2(h) + (21 — 1)CJI+1(h), (’L #* —1). (212)
A) If ¢ > 2, we rewrite equality (2.12) as

4 2 —
O (k) - = D R, (W),

hJ;(h) = i1

17—

which indicates that AJ;(h) can be expressed in terms of h2.J;_o(h) and h?J;_1(h),
and then step by step, iiJ;(h) can be written as a linear combination of Jy(h) and
J1(h) with polynomial coefficients of h:

where 2 < deg(a;(h)) <14, 2 < deg(B;(h)) <.

B) If i« = 0,1, hJ;(h) can also be expressed by Jo(h) and Jy(h) as hJo(h) =
hJo(h), hJi(h) = hJy(h).

C) If i = —1, from equality (2.6), we get

hJ_1(h) = hiJo(h).

As a consequence, all AJy(h)(k = —1,0,1,--- ,n — 1) can be expressed in terms
of Jo(h) and Jy(h), so iAs(h) and hA4(h) can be expressed by Jo(h) and Jy(h).

If n > 2, J(h) := hA(h), from (2.9), using formulae above, we obtain

J(h) = hA(h) = hAs(h) + hA4(h) = a(h)Jo(h) + B(R)J1(h), (2.13)

where 1 < deg(a(h)) < n—1, 0 < deg(8(h)) < n — 1. Multiplied (2.13) by A"~1
and if K(h) := h""1J(h), we obtain

K(h) = h"~1 I (h) = a(h)Jo(h) + B(h)Jy(h),

where deg(a(h)) <n — 2, deg(B(h)) <n —1.
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If n=0,1, from (2.1) and (2.6), we obtain
A(h) e 8_171J_1(h) + Bo@Jo(h) = (8_171 + 5071> Jo(h) = Oz(h)Jo(h),

where a(h)

:=b_11 +bo1 and deg(a(h)) = 0.
2) For (r12), v = 3, using C replace

757, and it follows from (1.4) that

1 2 2
- éx*§y2+x7%y%+30x*% - EC’x*% =0. (2.14)

Multiplied (2.14) by x'y*~2 and integrating over I';,, we obtain

61+ s—2

— Lis(h) =4C Lip1,5-2(h) = Lis—2(R)], (2.15)
where s is an odd number, i.e. s =1,3,5,--- ,2[%] +1, for system (r12), we restrict
1= %t (t=-3,-2,-1,0,1,---,3n—3)and 0 < i+s <m. So6i+s—2#0,

equality (2.15) can be written as

4C's

I () = — 2%
irs(h) 6i+8—2[

Liv1,s—2(h) = Lis—2(h)], (2.16)
which indicates I; s(h) can be expressed in terms of I;11,s—2(h) and I; s_2(h), and
then step by step, I; s(h) can be written as a linear combination of J;(h)(i =
—1,0,---) with the form

I; s(h) = Cli,s), kJivk(h).

From equality (2.1), we get

s—1

A(h) = E an E C(r,s),kJrJrk(h)-
0<r+s<n, k=0
—1<r<n,
s=1mod?2

The maximum number of r+k isn—1+ 15—1 = n—1, and the minimum number
is =14+ 151 = —1, so A(h) is a linear combination of Ji(h)(k = —1,0,--- ,n — 1),
we have that

n—1
Ay =3 enulh), (2.17)
k=—1
where e, € R (k=-1,0,--- ,n—1).
Again, it follows from (1.4) that
1
“z75y? 4+ Cat +2Ca75 = h. (2.18)

2
Multiplied (2.18) by 2°~1y*~2 and integrating over I'j,, we obtain

1
§Ii,8(h) = hIH%’SfQ(h) — Cliy1,5—2(h) —2CT; s_o(h). (2.19)
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Let s = 3, using (2.16), equality (2.19) can be written as

AC(3i = 1)Ji(h) = (6 + 1)hJ; 1 (h) — (6i + T)CJiq1 (h). (2.20)
A) If ¢ > 1, we rewrite equality (2.20) as
65 A(3i — 4)

which indicates that J;(h) can be expressed in terms of hJ;_2(h) and J;_1(h), and

then step by step, Ji(h) can be written as a linear combination of Jo(h), J1 (h) and
Jg(h) with polynomial coefficients of h:

Ji(h) = ai(h)Jo(h) + Bi(h)J1 (h) +i(h) ]2 (h),

where deg(a;(h)) < 3 [5] — 3, deg(Bi(h § [ 1] — 2, deg(vi(h)) < 3[%] — 1,
when ¢ > 2; and deg(c;(h)) = 0, deg(y;(h )) = ( ) =0, when ¢ = 1.
B) If i = 0, J;(h) can also be expressed by Jo( h), J ( ) as Jo(h) = Jo(h).

C) If i < 0, we rewrite equality (2.20) as
60+ 1 6i+ 7

Ji(h) = ———=hJi 1(h) — ——
(h) AC(3i—1) w3 (h) 4(3i—1)
which indicates that J_;(h) can be expressed in terms of Jy(h), J

Ty (0), 7

l
3

Jiy1(h),

(h) and J2 (h):

1
3

Jo1(h) = (29503h3 16) Jo(h) + QSCh‘]l( )+ 2902h2J2( )-

As a consequence, all Ji(h)(k = —1,0,1,--- ,n — 1) can be expressed in terms
of Jo(h), J1 (h) and Jz (h). By substituting these formulae into (2.17), we obtain

A(h) = a(h)Jo(h) + B(h)Jy (h) + (k) ]2 (h),

where deg(a(h)) < 3 [2] — 3, deg(B(h)) < 3[%] —2, deg(v(h)) < 3 [251] — 1, when
n > 4; and deg(a(h)) < 3, deg(B(h)) < 1, deg(y(h)) < 2, when n = 1,2,3.

If n = 0, from equality (2.1), we obtain A(h) = —3ao,0J-1(h) = §(h)J_1(h),

O

where §(h) := *%ao,o, and deg(6(h)) = 0.

1
3

3. Picard-Fuchs Equation and Riccati Equation

Lemma 3.1. 1) For (r21), the Abelian integrals J;(h) (i = 0,1) satisfy the following

Picard-Fuchs equation
(Jo(h)) B (h+C o) (Jé(h))' o)
Ji(h) 2C  2h J1(h)
0,

2) For (r12), the Abelian integrals J;(h) (z =0, 3, %) satisfy the following Picard-
Fuchs equation

e S
— o~
===
S~—" S~—
I
|
[ R
Q
|
U“E» ug; o
Q
|
(SN
o W
= Q
Mmk‘\ w\h S
—~ -
= >
~— ~—
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Proof. 1) For (r21), by (1.3), we obtain y? = 2hx2+4Cx 20, 2 ar =%, and ydy =
2% (x73y* = 2Cz=2 + 2Cx~3) dx. Since J;i(h) = frh 2 3ydx, J/(h) = fl“h
we get
(i = 2)Ji(h) = fp, yda'™2 = — fi, ai=2g2 2 V=200 T43Ce 53
=—J;+2CJ_,(h) = 2CJ_5(h).
and
_ frh 1; Y gy — fr (2h12;4C:672C) du -
= 2hJ!(h) +4CJ!_,(h) — 2CJ[_5(h).
From (3.3), it follows that
(i — 1)Ji(h) = 2CJ_{(h) — 2CJ;_4(h). (3.5)
From (3.4) and (3.5), we get
(i — 2)Ji(h) = —2hJ!(h) — 20J/_, (h). (3.6)
From (3.6), let i = 0,1, we obtain
Jo(h) = hJ{(h) + CJ.(h), (3.7)
Ji(h) = 2hJL(h) + 20T} (h). (3.8)
By equality (2.6), we get
JL 1 (h) = Jy(h). (3.9)

.7)—(3.9), we obtain equation (3. 1)

y (3
1
) For (r12), by (1.4), we obtain 2m 3y? 4 Cud —|—2C’x*% = h, ah = %, and

ydy = ghx_% — C) dx. Since J;(h) = ¢, i=3ydz, J/(h fr, 2z, we get
282 @'~ 5 (2ha® —20z—4C
h) :ff‘h ;y d,’L‘:th ( Y >d.%‘ (3.10)

=2hJi(h) —2CJ] ,(h) —4CJ_,(h),
3 3

and
(i = 3) Jilh) = fp, (i = §) &' Syde = § yda'=s

-4 de = —LhTIR) + CTL, 5 (). (40
From (3.10) and (3.11), it follows that

(3i = 1)Ji(h) = —hJ{(h) + 3CJ] 5 (), (3.12)
(6i+1)J;(h) = 4hJj(h) = 12CJ{_4 (). (3.13)

From (3.12) and (3.13), let i = 0, %, 2, we get
Jo(h) = hJg(h) = 3CT5 (h), (3.14)
3y (h) = 4hJ} (h) — 12CT3(h), (3.15)
5Jz (h) = 4hJ} (h) — 12C T (h). (3.16)
By (3.14)—(3.16), we obtain equation (3.2). O
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Lemma 3.2. 1) For (r21), the Abelian integrals J;(h) (i = 0,1) satisfy the following
Picard-Fuchs equation

J(h) 1 2h 0 Jo(h)
- , 17
JI(h) Bh) \ —ach+c ) \ 1) (317

where B(h) = 2h(h + 355).
2) For (r12), the Abelian integrals J/(h) (i = 0, %, 2) satisfy the following Picard-
Fuchs equation

Jy(h) —9C? 3Ch 7
1 \
Y(h) | = == | —=h% 9C? 3 ) 3.18
JY (h) —3Ch h? 5

where B(h) =4 (h— %) (h* + - h + 5k).

Proof. 1) For (r21), it can be calculated directly from equation (3.1).
2) For (r12), by differentiating both sides of equation (3.2) with respect to h,
we obtain

0- Jo(h) = =hJg (h) + 3CT4(h), (3.19)

Ji(h) = 12CJ5 (k) — 4T (), (3.20)

i (h) = =12CJ1 (h) + 4hJ5 (h). (3.21)

By (3.19)—(3.21), we obtain equation (3.18). O
Lemma 3.3. 1) For (r21), J;(—55) = 0 (i = 0,1); J;(h) < 0 (i = 0,1), when

he (3.0,

2) For (r12), Ji (3) = 0 (i=0,3,3); J-1(h) <0, Ji(h) > 0 (i=0,3,3),
when h € (717,4—00).

For (r21), since Ji(h) = §. 2" 3ydx, for (r12), since J;(h) = ., 3 ydy
and J/(h) = ffl‘h 2 dz. The proof only requires some simple calculation, so it is

y
omitted.

Corollary 3.1. 1) For (r21), if D(h) := jcl’g},g, D(h) satisfies the following Riccati
equation

B(h)D'(h) = 20D?*(h) + (h — C)D(h), (3.22)

where B(h) = 2h(h + 5%).
J
J

h)
Ok D(h) satisfies the following Riccati equation

ol
—

2) For (r12), if D(h) :=

Wi

B(R)D'(h) = 3ChD*(h) = 2h*D(h) + 9C, (3.23)
where B(h) = 4 (h — %) (h2 + 2—17h+ 2%)

Proof. For (r21) and (r12), using equations (3.17) and (3.18), and by differenti-
ating both sides of D(h) with respect to h, respectively, we obtain equations (3.22)
and (3.23). O
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4. Upper Bound for the Associated Number

For (r12), if n > 1, from equality (2.3), using equation (3.2), we obtain

A(h) = ay(h)Ji(h) + Bl(h):]%(h) + 'yl(h)J’%(h), (4.1)
where (1) = flt) ~ 030 511) = $05(1) = $Cr ) 0 (1) = () -
3Ca(h), thus, when n > 4, deg(ai(h)) < 3[%] — 2, deg(Bi(h)) < 3[%] — 1,
deg(y1(h)) <3 [ 5 ], whenn =1,2,3, deg(al( )) <4, deg(B1(h)) <2, deg(v1(h))

<3.
By differentiating both sides of equality (4.1) with respect to h and using equa-
tion (3.18), we obtain

B(h)A'(h) = B(h)a (h)Jo(h) + B2(h) Ty () + 2 (h) T2 (), (4.2)
where B5(h) = B(h)B{(h) — h*Bi(h) — 9C%ay(h) — 3Chy1(h), v2(h) = B(h)y;(h) +
h2y1(h) + 3Cha1(h) + 9C2B1(h), thus, when n > 4, deg(B2(h)) < 3[%] + 1,
deg(12(h)) < 3 [251] 4 2; when n = 1,2,3, deg(B2(h)) < 4, deg(12(h)) < 5.
By equalities (4.1) and (4.2), we get
B(h)on (h)A'(h) = B(h)ay (h)A(h) + I(h), (4.3)
I(h) =E(h)J’é (h)+F(h)J’%(h), (4.4)

where E(h) = ax ()Ba(h) — B(h)ah ()8 (h), F(h) = a (W) (h) — Bh)ats (W) (),
thus, when n > 4, deg(E(h)) < 6[2] — 1, d + L
n=1,2,3, deg(E(h)) <8, deg(F(h)) <9.

Using Proposition 2.1, Corollary 3.1 and equality (4.4), after some simple cal-
culations, we obtain the following lemma.

Lemma 4.1. 1) For (r21), ifn > 2, W(h) := ﬁ((ﬁ)), W (h) satisfies the following
Riccati equation

B(h)a(h)W'(h) = 2CW?2(h) + M (R)W (h) + G(h),

where M(h) = B(h)d'(h) + (b — C)a(h) — 4CB(h), G(h) =
B(h)a'(}l)ﬂ(h)*(h*C)a(h)ﬂ(hH?Cﬂz(h), thus, deg(M(h)) <n
2n — 2, forn > 2.

2) For (r12), if n > 1, W(h) := JI(?Z), W (h) satisfies the following Riccati

W

equation

B(R)E(h)W'(h) = 3ChW?2(h) + M (R)W (h) + G(h),

where M(h) = B(h)E'(h) — 2h2E(h) — 6ChE(h), G(h) = 9C2E(h) + 3ChF2(h) +
B(h)E(h)F'(h) — B(h)E (h) (h )+2h2E(h)F(h) thus, when n > 4, deg(M(h)) <
6 (2] +1, deg(G(h)) < 9[2] +3[252] + 1; when n = 1,2,3, deg(M(h)) < 10,
deg(G(h)) <19.

In the following, we use jA(h) to denote the number of zeros of A(h) in 2, and
we need the following lemma.
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Lemma 4.2 ( [8]). The smooth functions V(h),¢(h),¥(h),&(h), and n(h) satisfy
the following Riccati equation

NV’ (h) = ¢(h)VZ(h) + p(R)V (h) + &(h),

then
gV (h) < tn(h) +8&(h) + 1.

Lemma 4.2 is the Lemma 5.3 in [8], and the proof can be found in [8], so it is
omitted.

Finally, we finish the proof of Theorem 1.1.
Proof. 1) For (r21), using Proposition 2.1, Lemmas 4.1 and 4.2, we get

qA(h) = 4K (h) = W (h) < 8B(h) + fo(h) + 8G(h) + 1.

When n > 2, since deg(a(h)) < n — 2 and deg(G(h)) < 2n — 2, noticing that
B(h) = 2h(h + 55) and there is no zero in (—55,0), we obtain

1A(h) = K (h) =W (h) < (n —2) + (2n —2) + 1 =3n — 3.
When n = 0,1, since A(h) = a(h)Jo(h), where deg(a(h)) = 0, Jo(h) # 0, we
get 1A(h) = 0.
2) For (r12), using Lemma 4.2, from (4.3), we get
§A(h) < 4B(h) + gax(h) + 41(h) + 1. (4.5)

Using Lemmas 4.1, we get

gI(h) =W (h) < §B(h) +4E(h) + 4G (h) + 1. (4.6)
From (4.5) and (4.6), we obtain

1A(h) < 20B(h) + tay (h) + tE(R) + 8G(h) + 2.
When n > 4, since deg(a(h)) < 3[%] — 2, deg(E(h)) )g 6[2] — 1, and

deg(G(h)) <9[2] +3[252] + 1, noticing that B(h) =4 (h — 57 ) (h* + 3rh + 541)

— 3% , O) , we obtain

and there is no zero in (
1) < 3[z] -2)+ 6 [3] -1) + (O[] +3[* 7]+ 1) +2=18[3] +3[*].
When n = 1,2, 3, some similar discussions show that fA(h) < 4+8+19+2 = 33.
When n = 0, since A(h) = 0(h)J_1(h), where deg(d(h)) = 0, J_1(h) # 0, we
get A(h) = 0. O
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