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[1,2],

y
λ(f), λ̄(f)

{w�w�w�w�w�w�w�
f
}w�w�w�w�w�w�w�w}

����� ���
σ(f)

���
f
}��������

degP
���������

P (z)
}������

2002 �����w���� �¡�¢�£ [3] ¤ � £�¥�¦�§�¨�©�ª�«�¬ ��}��w­�®w¯�}w°�±w²��´³¶µ §�¨}�· ©�¸�¹�º }���»�¼�½��¿¾À�Á
A Â�Ã A0, A1, · · · , Ak−1

­���Ä�Å�¯�Æ���} ©�Ç ��È������ k ≥ 2, É�Ê�Ë�« Aj(j =

0, 1, · · · , k − 1), Ì�Í Aj 6≡ 0, © λ(Aj) < σ(Aj), Î�Ê Ai 6≡ 0, Aj 6≡ 0(i 6= j), © σ(Ai/Aj) =

max{σ(Ai), σ(Aj)}, Ï�Ð�Ñ { §�¨
f (k) +Ak−1f

(k−1) + · · · +A0f = 0 (1.1)

}�Ò�Ó ¸�¹�º f Ô�Õ σ(f) = ∞. Ö Ó�×�� Ì�Í�Ø A0, · · · , Ak−1

}�Ù�Ú��¿Û�Ó « ��Å�¯�Æ���}
¬ �w» Aj , Ü (1.1) Ý �wÞwßw�w�w� ¸wà j − 1

}w�w�w� º �¿áwâ ºwã »w¼w½w�wä É A0 6≡ 0,

Ü (1.1)
}�Ò�Ó�å�� º�ã »�¼�½����ÀwÁ

B ÂwÃ A0, A1, · · · , Ak−1, F 6≡ 0
» ©wÇ �wÈw�w�w� k ≥ 2, A0, · · · , Ak−1

�æÄwÅ
¯wÆw�w� ÉwÊ Ai 6= 0, Aj 6≡ 0(i, j ∈ {0, 1, · · · , k − 1}), © λ(Ai) < σ(Ai)

�
σ(Ai/Aj) =

max{σ(Ai), (Aj)}(i 6= j), Ï�Ð�Ê Æ�å�ç���è�é Ñ { §�¨
f (k) +Ak−1f

(k−1) + · · · +A0f = F. (1.2)

(a) Ì�Í�Ø A0, A1, · · · , Ak−1

}�Ù�Ú��êÛ�Ó « ��Å�¯�Æ���} ¬ ��» Aj(j 6= 0), Î (1.2) ë�£
©�Ç � º f1, Ü (1.2)

}�Ò�Ó ©�Ç � º f2 ì ©�í � f2 = f1 + P̃ ,
á ¤ P̃ (z)

»������ ¸�à j − 1}��������¿î�ï
σ(f2) = σ(f1).

(b) Ì�Í A0 6≡ 0
� Ü (1.2) ð � © Ó «�ñ�ò } ©�Ç ��ó�ô º f0,

á�õ�· ©�º f Ô�Õ λ̄(f) =

λ(f) = σ(f) = ∞.öø÷�ùûú
: 2004-07-05üøýøþ�ÿ
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(c) Ì�Í (1.2) ë�£�©�Ç � º f0, Ï�Ð f0 Ô�Õ

σ(f0) ≤ max{σ(Aj), σ(F ), λ̄(f0) : j = 0, 1, · · · , k − 1}. (1.3)

£ u�v ¤ ������� A ¤ §�¨ } ¬ ��������������Ó���}�°�±�������²���� «���Í �À�Á
1 Â�Ã Aj(z) = Bj(z)e

Pj(z)(j = 0, 1, · · · , k − 1),k ≥ 2,
á ¤ Bj(z)

»�È������
Pj(z)»w�w�w�w�¿�w�

degPj(z) = dj , Éwëw£ s � l, ÔwÕ s < l,BsBl 6≡ 0, degPs = degPl = d,

deg(Ps − Pl) = m < d(m ≥ 1), Î σ(Bs) < m, σ(Bl) < m,  Bj 6≡ 0 !w© σ(Bj) < dj , ÎÊ Bi 6≡ 0, Bj 6≡ 0 (i 6= j, i, j
��� !�" s � l), © deg(Pi − Pj) = max{di, dj}.Ü�Ñ { §�¨ (1.1)

}�Ò�Ó ¸�¹�º f Ô�Õ σ(f) = ∞, Ö Ó�×�� Ì�Í�Ø A0, · · · , Ak−1

}�Ù�Ú��
Û�Ó « ��Å�¯�Æ���} ¬ ��» Aj , Ü (1.1) Ý ��Þ�ß������ ¸�à j − 1

}������ º � á�â º�ã »�¼½���ä É A0 6≡ 0, Ü (1.1)
}�Ò�Ó�å�� º�ã »�¼�½����À�Á

2 Â�Ã Aj(j = 0, 1, · · · , k − 1) Ì ��� 1 ¤ · Ã � k ≥ 2, F 6≡ 0
» ©�Ç ��È������ Ï

Ð � Ê Æ�å�ç���è�é Ñ { §�¨ (1.2) ©
(a) Ì�Í�Ø A0, · · · , Ak−1

}�Ù�Ú��¿Û�Ó « ��Å�¯�Æ���} ¬ ��» Aj(j 6= 0), Î (1.2) ë�£�©
Ç � º f1, Ü (1.2)

}�Ò�Ó ©�Ç � º f2 ì ©�í � f2 = f1 +P ,
á ¤ P (z)

»������ ¸�à j − 1
}

�������¿î�ï
σ(f2) = σ(f1).

(b) Ì�Í A0 6≡ 0, Ü (1.2) ð � © Ó «�ñ�ò } ©�Ç ��ó�ô º f0,
á�õ�· ©�º f Ô�Õ λ̄(f) =

λ(f) = σ(f) = ∞.

(c) Ì�Í (1.2) ë�£�©�Ç � º f0, Ï�Ð f0 Ô�Õ (1.3).

2 p #
£ ³¶µ$����%�&���' Ö�( � δ(P, θ), Ã P (z) = (α + iβ)zn + · · · (α, β ∈ R)

»�å�)������
���¿�

δ(P, θ) = α cosnθ − β sinnθ, θ ∈ [0, 2π),
»�*�³¶µ$������'�y Ì ²�'��+�Á

1
[4] Ã w(z)

­�,�-���. ©�Ç ρ
� ¸�¹ È������ Γ = {(k1, j1), · · · , (km, jm)}

­����
È�� Ê�/�0 } ©�Ç�1 � Ô�Õ ki > ji ≥ 0, i = 1, · · · ,m, 2�Ã ε > 0

­�3���}�)���� Ü�ë�£ ��4�5
1 E1 ⊂ [0, 2π),

x�� Ì�Í ψ0 ∈ [0, 2π)\E1, Ï�Ð�ë�£ )�� R0 = R0(ψ0) > 0, Ê�Ô�Õ arg z = ψ0�
|z| ≥ R0

}�· © z
��· © (k, j) ∈ Γ, 6�©

|w(k)(z)/w(j)(z)| ≤ |z|(k−j)(ρ−1+ε).

+�Á
2

[3] Ã P (z)
­�����»

n
}�å�)����������

w(z) 6≡ 0
­����w�����¿á��

σ(w) < n,7
g = weP , Ü�ë�£ ��4�5 1 H1 ⊆ [0, 2π), Ê�Ë Ó θ ∈ [0, 2π)\(H1 ∪ H2),

��3���)��
ε : 0 <

ε < 1,  r > r0(θ, ε) ! � ©
(i) Ì�Í δ(P, θ) < 0, Ü exp((1 + ε)δ(P, θ)rn) ≤ |g(reiθ)| ≤ exp((1 − ε)δ(P, θ)rn);

(ii) Ì�Í δ(P, θ) > 0, Ü exp((1 − ε)δ(P, θ)rn) ≤ |g(reiθ)| ≤ exp((1 + ε)δ(P, θ)rn).á ¤ H2 = {θ : δ(P, θ) = 0, 0 ≤ θ < 2π}
­ ©�Ç�1 �+�Á

3
[6] Ã f(z)

»�È������ Ì�Í |f (k)(z)| £�8�9�: è arg z = θ
.�¼�;�� Ü�ë�£ ¼�½��<

zn = rne
iθ(n = 1, 2, · · ·),  rn → ∞ ! � f (k)(zn) → ∞ Î

|f (j)(zn)/f (k)(zn)| ≤ |zn|
k−j(1 + o(1)) (j = 0, 1, · · · , k − 1).
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+�Á
4

[6] Â�Ã f(z)
»�È������¿á��

σ(f) = σ < ∞, É�ë�£ ��4�5 1 E ⊂ [0, 2π), Ê Ò�H
: è arg z = θ0 ∈ [0, 2π)\E, © |f(reiθ0)| ≤ Mrk (M = M(θ0) > 0

­�)����
k(> 0)

»�I
θ0
¼

J }�)��
), Ü f(z)

­������ ¸�à k
}��������

+�Á
5

[5, p30] Ã n ≥ 1, P1, P2, · · · , Pn

­�����{���»
d1, d2, · · · , dn

}�å�)���������� Ô�Õ
 i 6= j ! � deg(Pi − Pj) = max{di, dj},

7
A(z) =

∑n
j=1 Bj(z)e

Pj(z),
á ¤ Bj(z)

­�È������
Bj(z) 6≡ 0, σ(Bj) < dj , Ü σ(A) = max1≤j≤n{dj}.+wÁ

6 Ã n ≥ 1, P1, P2, · · · , Pn

­wåK)w�w�w�w�w�¿�w�
degPj = dj , j = 1, · · · , n, Éwë

£ s, l ∈ {1, 2, · · · , n},
xK�

degPs = degPl = d0, deg(Ps − Pl) = m < d0(m ≥ 1), LwÂ
Ã i, j(6= i) ∈ {1, 2, · · · , n}, ÔwÕK i, j

�æ� !K" s � l ! � deg(Pi − Pj) = max{di, dj},7
A(z) =

∑n
j=1 Bj(z)e

Pj(z),
á ¤ Bj(z)

­�È������  Bj(z) 6≡ 0 ! � σ(Bj) < dj , Î σ(Bs) <

m, σ(Bl) < m,BsBl 6≡ 0, Ü σ(A) = max1≤j≤n{dj}.M�N O
BsBl 6≡ 0, Ü

Bse
Ps +Ble

Pl = Bse
Ps(1 +

Bl

Bs

ePl−Ps).

P
σ(Bl/Bs) ≤ max{σ(Bs), σ(Bl)} < m, deg(Ps − Pl) = m, © 1 + Bl

Bs
ePl−Ps 6≡ 0 Î σ(1 +

Bl

Bs
ePl−Ps) = m.�KQ Ã Bse

Ps = B′
se

aszd
0 ,B′

s

»wÈw�w� Î σ(B′
s) < d0.

7
B0 = B′

s(1 + Bl

Bs
ePl−Ps),

Æw­
© σ(B0) ≤ max{σ(B′

s),m} < d0,
7

P0(z) = asz
d0

� Ü B0, P0, Bj , Pj , j(6= s, l) ∈ {1, · · · , n} Ô
Õ '�� 5

} Â�Ã � O�R Ê A = B0e
P0 +

∑
j 6=s,l Bje

Pj , © σ(A) = maxj 6=s,l{d0, dj}. 2 O A =
∑n

j=1 Bj(z)e
Pj(z),

·�S�á��
σ(A) = max1≤j≤n{dj}.+�Á

7 Ã n ≥ 2, P1, P2, · · · , Pn

­�����{���»
d1, d2, · · · , dn

}�å�)���������� Ô�Õ� i 6= j

! � deg(Pi−Pj) = max{di, dj}.
7
gj(z) = Bj(z)e

Pj(z),
á ¤ Bj(z) 6≡ 0

­�È������ á��
σ(Bj) <

dj , j = 1, 2, · · · , n, Ü�ë�£ ��4�5 1 H1 ⊆ [0, 2π), Ê θ0 ∈ [0, 2π)\(H1 ∪ H2), Ì�Í δ(Pj , θ0)(j =

1, 2, · · · , n)
��Ä�T�Æ���� Ü�ë�£�8�« k = k(θ0) ∈ {1, 2, · · · , n}, Ô�Õ δ(Pk , θ0) > 0

� Ê Ò�H�3��}
M ≥ 0,  z = reiθ0 , r → ∞ ! � Ê j 6= k, |gj(z)z

M/gk(z)| → 0.
á ¤ H2 = {θ : δ(Pj , θ) = 0U

δ(Pi, θ) = δ(Pj , θ), j, i = 1, 2, · · · , n, 0 ≤ θ < 2π}
­ ©�Ç�1 �M�N Ê Ò�H�3���} M > 0,

7
g∗j (z) = gj(z)z

M (j = 1, · · · , n).
O »

gj(z) = Bj(z)e
Pj(z),

Î σ(Bj) < dj , Ü g∗j (z) = zMBj(z)e
Pj(z) = B∗

j (z)ePj(z),
á ¤ B∗

j (z) = zMBj(z), V�W σ(B∗
j ) =

σ(Bj) < dj .x�y�X�Y�Z�³¶µ �  n = 2 ! � Ì�Í θ0 ∈ [0, 2π)\(H1 ∪H2) ! � δ(P1, θ0), δ(P2, θ0)
��Ä�T

Æ���� Ï�Ð ��[�Ó���é�� ñ�Ã δ(P1, θ0) > 0 > δ(P2, θ0)
U

δ(P1, θ0) > δ(P2, θ0) > 0, Ü P$'�� 2,\���]�°�± 6�© |g∗2(reiθ0 )/g1(re
iθ0 )| → 0.ß Ã� n = m ≥ 2 !���^�0�_ � ¾ ë�£�8�« k = k(θ0) ∈ {1, · · · ,m}

�  j 6= k, j = 1, · · · ,m�
r → ∞ ! � © δ(Pk, θ0) > 0 Î |g∗j (reiθ0 )/gk(reiθ0)| → 0.ß�³

n = m+ 1 !���^�`�0�_ � O δ(Pm+1, θ0) 6= 0, Ê á�{���]�°�±�³¶µ �a�b
(i). É δ(Pm+1, θ0) < 0, Ü�Ê ε1 = 1

2 ,
P$'��

2 c
|g∗m+1(re

iθ0)| < exp(
1

2
δ(Pm+1, θ0)r

dm+1),

|gk(reiθ0 )| > exp(
1

2
δ(Pk , θ0)r

dk ).
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î�ï  r → ∞ !

|g∗m+1(re
iθ0 )/gk(reiθ0)| < exp(

1

2
δ(Pm+1, θ0)r

dm+1 −
1

2
δ(Pk , θ0)r

dk ) → 0.

a�b
(ii). É δ(Pm+1, θ0) > 0, Ì�Í dm+1 6= dk,

��Q Ã dm+1 > dk(dk > dm+1 ñ ��d�³¶µ ),

Ü P$'�� 2, Ê Ò�H�3���} ε2(0 < 2ε2 < 1),  r e {�f !
|gm+1(re

iθ0 )| > exp(
1

2
δ(Pm+1, θ0)r

dm+1)

�
|g∗k(reiθ0)| ≤ exp(rdk+ε2),Æ�­  r → ∞ !

|g∗k(reiθ0 )/gm+1(re
iθ0 )| < exp(rdk+ε2 −

1

2
δ(Pm+1, θ0)r

dm+1) → 0.

î�ï ©
|gk(reiθ0)/gm+1(re

iθ0 )| → 0(r → ∞).

É j 6= k, 1 ≤ j ≤ m,
P$X�Y Â�Ã |g∗j (reiθ0 )/gk(reiθ0)| → 0(r → ∞),

î�ï
|g∗j (reiθ0)/gm+1(re

iθ0)| = |g∗j /gk|.|gk/gm+1| → 0(r → ∞).

Ì´Í dm+1 = dk , g Hh� δ(Pm+1, θ0) 6= δ(Pk, θ0),
��Q Ã δ(Pm+1, θ0) > δ(Pk, θ0) (δ(Pk , θ0) >

δ(Pm+1, θ0) ñ ��d�³¶µ ).
P$'��

2, Ê Ò�H�3���} ε3(0 < 3ε3 <
δ(Pm+1,θ0)−δ(Pk ,θ0)

δ(Pm+1,θ0)
),  r e {f !�©

|gm+1(re
iθ0)| ≥ exp((1 − ε3)δ(Pm+1, θ0)r

dm+1),

|g∗k(reiθ0)| ≤ exp((1 + ε3)δ(Pk , θ0)r
dk ).O ï  r → ∞ !

|g∗k(reiθ0)/gm+1(re
iθ0)| ≤ exp((1 + ε3)δ(Pk, θ0)r

dk − (1 − ε3)δ(Pm+1, θ0)r
dm+1)

< exp{
1

3
[δ(Pk, θ0) − δ(Pm+1, θ0)]r

dm+1} → 0.

É j 6= k, 1 ≤ j ≤ m,
x�y���d�Æ�.���} § Z ñ�c �  r → ∞ !

|g∗j (reiθ0)/gm+1(re
iθ0)| → 0.

'��
7
³�i��

+�Á
8

[5, p168] Â�Ã A0, A1, · · · , Ak−1, F 6≡ 0
­�È������

f Ô�Õ�Ñ { §�¨ (1.2), Î
max{σ(F ), σ(Aj ) : j = 0, 1, · · · , k − 1} < σ(f) = σ(0 < σ ≤ ∞),

Ï�Ð λ̄(f) = λ(f) = σ(f).

3 jk# 1 lkmkn
P$o�p Ñ { §�¨ }�q�u�� ^�ñ�c�§�¨ (1.1)

}�Ò�Ó º f ã »�È�������²���³¶µ §�¨ (1.1)
}

Ò�Ó ¸�¹�º f r »�¼�½���� Ì�É � W � Â�Ã σ(f) = σ < +∞.
P$'��

1, Ê Ò�3�} ε0(0 < ε0 < 1),
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ë�£ è�4�5�»���} 1�s E1 ⊂ [0, 2π), Ì�Í ϕ0 ∈ [0, 2π)\E1, Ü�ë�£ R0 > 1, Ê Æ arg z = ϕ0, |z| >

R0 ©
|f (j)(z)/f (i)(z)| ≤ |z|kσ , k ≥ j > i ≥ 0. (3.1)�tQ Ã B0, · · · , Bk−1

Äw�æÅw¯wÆw�w�
B0, · · · , Bk−1

�æÄwÅw¯wÆw�K�Kd ñ ³w�¿� E2 = {θ :

δ(Pj , θ0) = 0, j = 0, 1, · · · , k − 1, 0 ≤ θ < 2π} ∪ {θ : δ(Pj − Pi, θ0) = 0, 0 ≤ i < j ≤ k − 1, 0 ≤ θ <

2π}, Ü E2

» ©�Ç�1 � Ã E3 ⊆ [0, 2π)
»�u�y�'��

7 !�ë�£ }���4�5�ó�ô 1 �ß £ Ò "K: è arg z = ϕ0 ∈ [0, 2π)\(E1 ∪ E2 ∪ E3),
7

δi = δ(Pi, ϕ0), i = 0, 1, · · · , k − 1,O
δs = δl, v�w δl,

¾ Ê δ0, · · · , δs, · · · , δl−1, δl+1, · · · , δk−1

{ 0 ��]�°�±�x ^ �ahb
( y ). É δ0, · · · , δs, · · · , δl−1, δl+1, · · · , δk−1

��ÄhT´Æ´�´� O »
A0 , · · · , As, · · · , Al−1, Al+1,

· · · , Ak−1 Ô�Õ '�� 7
} Â�Ã �¿Æ�­ ë�£�8�« t = t(ϕ0) ∈ {0, · · · , s, · · · , l − 1, l + 1, · · · , k − 1},

ÔwÕ δt > 0,
Sw� Ê ÒKHK3K�w} M ≥ 0, Ê z = reiϕ0 ,  j(6= t) ∈ {0, · · · , s, · · · , l − 1, l +

1, · · · , · · · , k − 1}
�

r → ∞ !
|Aj(z)z

M/At(z)| → 0. (3.2)

P Æ
δt > 0, Ü P$'�� 2, c�Ê Ò�3�} ε(0 < ε < 1

2 ),  r e {�f !
|At(re

iϕ0)| ≥ exp((1 − ε)δtr
dt). (3.3)

Ê Æ δt,
{ 0�Ì ²���]�z�°�±�x ^�{| a�b

(i). Ì�Í t 6= s,
P
δs = δl � (3.2) c

|Al(re
iϕ0 )rM/At(re

iϕ0)| → 0(r → ∞). (3.4)

²���³¶µ
|f (t)(z)| £�: è arg z = ϕ0

.�­ © ;�}�� É � W �}P$'�� 3 ñ�c�ë�£ � < zn =

rne
iϕ0 ,  rn → ∞ ! � f (t)(zn) → ∞ Î

|f (j)(zn)/f (t)(zn)| ≤ |zn|
t−j(1 + o(1)), j = 0, 1, · · · , t− 1. (3.5)

P Æ
f (t) 6≡ 0,

P §�¨ (1.1)
���

|At(zn)| ≤|f (k)(zn)/f (t)(zn)| + |Ak−1(zn)||f (k−1)(zn)/f (t)(zn)| + · · ·+

|At+1(zn)||f (t+1)(zn)/f (t)(zn)| + |At−1(zn)||f (t−1)(zn)/f (t)(zn)| + · · ·+

|A0(zn)||f(zn)/f (t)(zn)|. (3.6)

P
(3.1)-(3.6) ñ �

|At(zn)| ≤ |zn|
M1 +

∑

j 6=t

|Aj(zn)zM1

n |,

á ¤ M1

» 8�~ )���� O ï

1 ≤
|zn|

M1 +
∑

j 6=t |Aj(zn)zM1
n |

|At(zn)|
→ 0(rn → ∞).

V�W .���­�����}���� |f (t)(z)| £�: è arg z = ϕ0 ∈ [0, 2π)\(E1 ∪E2 ∪ E3)
.�­ © ;�}��
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Ã |f (t)(reiϕ0 )| ≤M2 (M2 > 0

­ 8 )�� ), "�� {���è c′ = {z : arg z = ϕ0, 0 ≤ |z| ≤ r}, Ü
 z = reiϕ0 e {�}�f !

|f (t−1)(z)| ≤ |f (t−1)(0)| + |
∫ z

0
f (t)(u)du| ≤M ′

2|z| (M ′
2 > 0

­�)��
).� � � { ñ�c �  z = reiϕ0 e {�f ! � © |f(z)| ≤M ′|z|t ≤M ′|z|k (M ′ > 0
­�)��

).| a�b
(ii). Ì�Í t = s

� Ü δt = δs = δl > 0,
Æ�­

|Al(re
iϕ0)| ≥ exp((1 − ε)δlr

dl) = exp((1 − ε)δsr
ds).

O
δ(Ps − Pl, ϕ0) 6= 0

� É δ(Ps − Pl, ϕ0) > 0
� Ü δ(Pl − Ps, ϕ0) < 0.²���³¶µ

|f (s)(z)| £�: è arg z = ϕ0

. © ;�� É � W �$P$'�� 6 ñ�c�ë�£ � < z′n = r′ne
iϕ0 ,

 r′n → ∞ ! � f (s)(z′n) → ∞ Î
|f (j)(z′n)/f (s)(z′n)| ≤ |z′n|

s−j(1 + o(1)), j = 0, 1, · · · , s− 1. (3.7)

P Æ
f (t) 6≡ 0,

P §�¨ (1.1)
�

|As(z
′
n)+Al(z

′
n)
f (l)(z′n)

f (s)(z′n)
| ≤ |f (k)(z′n)/f (s)(z′n)| + · · · + |Al+1(z

′
n)||f (l+1)(z′n)/f (s)(z′n)|+

|Al−1(z
′
n)||f (l−1)(z′n)/f (s)(z′n)| + · · · + |As+1(z

′
n)||f (s+1)(z′n)/f (s)(z′n)|+

|As−1(z
′
n)||f (s−1)(z′n)/f (s)(z′n)| + · · · + |A0(z

′
n)||f(z′n)/f (s)(z′n)|. (3.8)

2 P$'�� 2,  r′n e {�f ! � Ê .���} ε, ©
|Al(z

′
n)/As(z

′
n)||z′n|

M3 = |Bl(z
′
n)/Bs(z

′
n)||ePl(z

′

n)−Ps(z′

n)||z′n|
M3

≤ exp((1 − ε)δ(Pl − Ps, ϕ0)|z
′
n|

m)|z′n|
M3

< exp((1 − 2ε)δ(Pl − Ps, ϕ0)|z
′
n|

m) → 0(r′n → ∞), (3.9)

á ¤ M3

» ~ )����}P (3.1) � (3.9),  r′n e {�f ! ���

|As(z
′
n) +Al(z

′
n)
f (l)(z′n)

f (s)(z′n)
| ≥ |As(z

′
n)|(1 − |

Al(z
′
n)

As(z′n)
|.|
f (l)(z′n)

f (s)(z′n)
|)

≥ |As(z
′
n)|(1 − exp((1 − ε)δ(Pl − Ps, ϕ0)|z

′
n|

m)|z′n|
M3) ≥

1

2
|As(z

′
n)|. (3.10)

 r′n e {�f ! �}P (3.1)–(3.3),(3.7),(3.8)
�

(3.10) ñ �
1

2
|As(z

′
n)| ≤ |z′n|

M4 +
∑

j 6=s,l

|Aj(z
′
n)||z′n|

M4 (M4

» ~ )�� ),

Æ�­  r′n → ∞ !
1

2
≤

|z′n|
M4 +

∑
j 6=s,l |Aj(z

′
n)||z′n|

M4

|As(z′n)|
→ 0.

.�� V�W ­�����}�� ·�S |f (s)(z)| £ arg z = ϕ0

. © ;�����d�z�°�± (i)
}���� ñ�c �  z = reiϕ0

e {�f !�© |f(z)| ≤M ′′|z|k (M ′′ > 0
»�)��

).
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É δ(Ps − Pl, ϕ0) < 0, ����£ .���}���� à�¨¶¤ ��� s
y

l ��� ����d ñ ³�� |f (l)(z)| £
: è arg z = ϕ0

. © ;���P ®���}���P c� z = reiϕ0 e {�f ! � © |f(z)| ≤M ′′′|z|k (M ′′′ > 0»�)��
).a�b

( � ). É δ0, · · · , δs, · · · , δl−1, δl+1, · · · , δk−1

Ä�T�Æ���� Ü δ(Pj , ϕ0) < 0(j = 0, 1, · · · , k−

1).
7

δ′ = max0≤j≤k−1{δ(Pj , ϕ0)}, d
′ = min0≤j≤k−1{dj}, Ü δ′ < 0, d′ > 0.

P$'��
2, Ê Ò�3}

ε′(0 < ε′ < 1/2) ©
|Aj(re

iϕ0)| ≤ exp((1 − ε′)δ(Pj , ϕ0)r
dj ) ≤ exp((1 − ε′)δ′rd′

). (3.11)

É |f (k)(z)| £�: è arg z = ϕ0 ∈ [0, 2π)\(E1 ∪ E2 ∪ E3)
.�­�¼�;�}��}P$'��

3, Ü�ë�£ �<
z′′n = r′′ne

iϕ0 ,  r′′n → ∞ ! � f (k)(z′′n) → ∞ Î
|f (j)(z′′n)/f (k)(z′′n)| ≤ |z′′n|

k−j(1 + o(1)), j = 0, 1, · · · , k − 1. (3.12)

O
f (k) 6≡ 0, Ü P §�¨ (1.1)

�
(3.11), (3.12) ñ �

1 ≤ |Ak−1(z
′′
n)||f (k−1)(z′′n)/f (k)(z′′n)| + · · · + |A0(z

′′
n)||f(z′′n)/f (k)(z′′n)|

≤ exp((1 − ε′)δ′|z′′n|
d′

)|z′′n|
M0 < exp((1 − 2ε′)δ′|z′′n|

d′

) → 0 (r′′ → ∞).

á ¤ M0

» ~ )���� V�W .���������� |f (k)(z)| £�: è arg z = ϕ0

. © ;�� î�ï ñ�c� z = reiϕ0

e {�f !�© |f(z)| ≤M ′
0|z|

k (M ′
0 > 0

»�)��
).� s °�± (

Ó
), ( � ) ñ�c � £ Ò�H : è arg z = ϕ0 ∈ [0, 2π)\(E1 ∪E2 ∪E3)

.��  |z| = r ≥

r0(ϕ0) > 0 !�© |f(z)| ≤ M(ϕ0)|z|
k (M(ϕ0) > 0

»���I
ϕ0 © J }�)�� ), Ü P$'�� 4 ñ�c f

»
����� ¸�à k

}���������\�I Â�Ã ����� O�R §�¨ (1.1)
}�Ò�Ó ¸�¹�º f Ô�Õ σ(f) = ∞.

Ö Ó�×�� Ì�Í�Ø A0, · · · , Ak−1

}�Ù�Ú��¿Û�Ó « ��Å�¯�Æ���} ¬ �w» Aj , É�§�¨ (1.1) ë�£�w�w� º f(z) = anz
n + · · · + a0(an 6= 0), ÌwÍ n ≥ k, Ü P�'K� 6 c (1.1) �K� }w�w�w�»

max0≤i≤k{di} > 0 ( É Ai ≡ 0, Ü 7 di = 0,
²��

); Ì�Í j ≤ n < k, Ü P$'�� 6 c (1.1) �
� }�������» maxj≤i≤n{di} > 0,

\�I §�¨ (1.1)
������� §�¨ (1.1) Ý ��Þ�ß������ ¸�à j − 1}������ º � 2 P$&���}�³¶µ c á�â º�r »�¼�½���� É A0 6≡ 0, V�W�§�¨ (1.1)

}�å�� º f
­ ¸

¹ }�� Î σ(f) = ∞.

4 jk# 2 lkmkn
����P$o�p Ñ { §�¨ }�q�u�� ^�ñ�c�§�¨ (1.2)

}�Ò�Ó º f ã »�È������
(a) Ì�Í (1.2) ë�£�©�Ç � º f1, É f2

»
(1.2)

}���Ó ©�Ç � º � Ü σ(f2 − f1) < ∞, 2O
f2 − f1

» Ê�� ç�� §�¨ (1.1)
} º ��P$��� 1 ñ�c f2 − f1

»������ ¸�à j − 1
}������ º �Æ�­

f2 = f1 + P ,
á ¤ P (z)

­����¿� ¸�à j − 1
}��������¿î�ï

σ(f2) = σ(f1).

(b)
P$���

1 � (a) ñ�c � (1.2) ð � © Ó «�ñ�ò } ©�Ç ��ó�ô º f0. É f
»

(1.2)
}�¼�½

� º � Ü P$'�� 8 c λ̄(f) = λ(f) = σ(f) = ∞.

(c) Ì�Í (1.2) ë�£�©�Ç � º f0, Î f0 6≡ 0,
P §�¨ (1.2)

�
1

f0
=

1

F
(
f

(k)
0

f0
+Ak−1

f
(k−1)
0

f0
+ · · · +A0). (4.1)
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É z0

»
f0
}

α(> k) � ����� Ü z0 r » F
}

α− k � �����¿î�ï
n(r, 1/f0) ≤ kn̄(r, 1/f0) + n(r, 1/F ),

N(r, 1/f0) ≤ kN̄(r, 1/f0) +N(r, 1/F ). (4.2)

O
σ(f0) <∞,

P
(4.1)

� Ê ������'���� ñ �

m(r, 1/f0) ≤ m(r, 1/F ) +

k−1∑

j=0

m(r, Aj) +O(log r). (4.3)

Ü P (4.2)
�

(4.3)
�

T (r, f0) = T (r, 1/f0) +O(1) ≤ kN̄(r, 1/f0) + T (r, F ) +

k−1∑

j=0

T (r, Aj) +O(log r).

·�S
σ(f0) ≤ max{λ̄(f0), σ(F ), σ(Aj ), j = 0, 1, · · · , k − 1}.
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The Complex Oscillation of a Class of Linear Differential Equation

with Entire Coefficients

JIANG Liang-ying1, CHEN Zong-xuan2

(1. School of Math. & Infor., Jiangxi Normal University, Nanchang 330027, China;
2. Dept. of Math., South China Normal University, Guangzhou 510631, China )

Abstract: This paper deals with the orders and zeros of the solutions of the differential equation

f
(k) + Ak−1f

(k−1) + · · · + A0f = F, k ≥ 2,

where Aj = Bje
Pj , j = 0, 1, · · · , k − 1, Bj(z) are entire functions, Pj(z) are polynomials, and σ(Bj) <

degPj .

Key words: linear differential equation; entire functions; order; zero; exponent of convergence.


