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Abstract: For aring R, let ip(Rr) = {a € R: every right R-homomorphism f from any right
ideal of R into R with Imf = aR can extend to R}. It is known that R is right I P-injective
if and only if R = ip(Rr) and R is right simple-injective if and only if {a € R : aR is simple}
C ip(RRr). In this note, we introduce the concept of right S-I P-injective rings, i.e., the ring R
with S C ip(RRr), where S is a subset of R. Some properties of this kind of rings are obtained.
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1. Introduction

Throughout this paper, all rings are associative with identity and all modules are unitary.
S always denotes a subset of a ring R. As usual, we use J(R), Z(rR), Z(Rg), Soc(gR) and
Soc(RRg) to indicate the Jacobson radical, the left singular ideal, right singular ideal, and the left
socle and right socle of the ring R, respectively. The left and right annihilators of a subset X of
R are denoted by [(X) and r(X), respectively.

Recall that a ring R is called right P-injectivelll if every right R-homomorphism from any
principal right ideal of R into R is given by left multiplication by an element of R. P-injective
rings and their generalizations have been studied in many papers such as [1-4]. Recently, Chen
and Ding!¥ define the concept of I P-injective rings, i.e., a ring R is said to be right I P-injective
if every right R-homomorphism from any right ideal of R into R with principal image is given
by left multiplication by an element of R. It is proved in [4] that a ring R is right I P-injective if
and only if R is right P-injective and right GIN (i.e., [(INK) = I(I)+1(K) for each pair of right
ideals I and K with I principal). In this paper, we introduce a generalization of I P-injective
rings, which are called right S-I P-injective rings, i.e., a ring R satisfying the condition that every
right R-homomorphism I — R with Imf = aR, a € S, where I is a right ideal of R and S is a
subset of R, is given by left multiplication by an element of R. We show the following results:
(1) If R is a right GC2-ring such that [(aRNK) = I(a) + [(K) for each pair of right ideals K and
aR of R with r(a) = 0, then R is a right S-IP-injective ring with S = {a € R: r(a) = 0}. (2) If
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R is right J(R)-IP-injective, and left Kasch, then R is right JP-injective with Z(Rg) = J(R).
(3) If R is a right Z(R) U J(R)-I P-injective ring where Z(R) = {all idempotents of the ring R},
then R is a right simple-injective ring. (4) Every semiregular right Z(R)U J(R)-I P-injective ring
is right I P-injective. (5) A ring R is a quasi-Frobenius ring if and only if R is a left Noetherian,
right AC'S and right Z(R) U J(R)-I P-injective ring.

General background material can be found in [5].

2. Main results

Notation 2.1 For a ring R , let ip(Rgr) = {a € R : for any right ideal I of R, every right
R-homomorphism f: I — R with Imf = aR can extend to R, or equivalently, f is given by left

multiplication by an element of R}.
Definition 2.2 A ring R is called right S-I P-injective if S C ip(Rg), where S is a subset of R.

Remark 2.3 It is easy to see that a ring R is right I P-injective if and only if R is right R-1P-
injective. Recall that a ring R is called right simple-injectivel! if every right R-homomorphism
f: I — R with simple Imf is given by left multiplication by an element of R. It is obvious that
a ring R is right simple-injective if and only if R is right S-IP-injective with S = {a € R : aR
is simple}. So it seems reasonable to raise the question of how the structure of a ring R is

determined by properties of certain S contained in ip(RRg).

Proposition 2.4 Let a € ip(Rg). Then R = l(a) + I(I) where I is any right ideal of R such
that aR( I = 0.

Proof Assume [ is a right ideal such that aR()I = 0. Let w : aR ® I — aR denote the
canonical projection. It is clear that Imm = aR. By hypothesis, it follows that 7 is given by left

multiplication by an element ¢ of R. This means that a = 7(a + b) = c¢(a + b) for any b € I. So
1-cel(a), cel(d). Sincel=1—c+cel(a)+1(I), then R =1(a) +I(I). ]

Lemma 2.5 Let R be a ring. Then the following are equivalent:
(1) Every right R-homomorphism f : I — Rp where [ is a right ideal of R with Imf = Rpg
can extend to R;

(2) R is a right S-IP-injective ring with S = {a € R : r(a) = 0}.

Proof (1) = (2). Let a € R with r(a) = 0. Then aR = Rp. For every right R-homomorphism
f: 1 — Rp with Imf = aR, we have Imf = Rgr. By (1), f can extend to R, and (2) holds.
(2) = (1). Let f : I — Rpg be a right R-homomorphism with Imf = Rgr. So Imf = aR
for some a € R. Suppose 0: aR — Rpg is the R-module isomorphism, then there exists ¢ € R
such that ac = 071(1). Note that acR = aR = Imf and r(ac) = 0, thus ac € ip(Rg) by (2), so
f can extend to R, as required. O
Recall that a ring R is called a right C2-ring if for any right ideal I with I = K where K is

a direct summand of Rg, I is a direct summand of Rgr. Following [2], a ring R is called a right
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generalized C2-ring (or GC2-ring) if for any right ideal I with I = Rpg, I is a direct summand
of RR.

Proposition 2.6 If R is a right S-IP-injective ring with S = {a € R : r(a) = 0}, then R is a
right GC2-ring, and R = I(I) + I(L) where I and L are right ideals of R such that I = Rpr and
INL=0.

Proof By Lemma 2.5, the first statement follows from [2, Proposition 2.2] and the second
statement holds by a slight modification of the proof of Proposition 2.4. a

Next we consider the converse of Proposition 2.6.

Proposition 2.7 If R is a right GC2-ring such that [(aR N K) = l(a) + (K for each pair of
right ideals K and aR of R with r(a) = 0, then R is a right S-I P-injective ring with S = {a €
R:r(a) =0}.

Proof First we suppose that f : aR + 1 — Rpg is a right R-homomorphism such that both
flar : aR — Rp and f|; : I — Rpg are given by left multiplication by elements z; and zo of
R, respectively, where T is a right ideal and a € R with r(a) = 0. Assume z € aR N I, then
z12 = 292, and hence z1 — 29 € l(aRNT) = l(a) + I(I) by hypothesis. Thus z1 — 22 = y1 + ¥2
for some y; € l(a), y2 € I(I). Now let by € aR, by € I, then y1b1 = 0, y2by = 0, and therefore
f(b1 +b2) = 21b1 + 2262 = (21 — y1)b1 + (22 + y2)ba. But 21 — y1 = 20 + y2, so f(b1 + b2) =
(21 — y1)(b1 + b2). Tt follows that f: aR+ I — Rpg is given by left multiplication.

Then, we suppose that L is a right ideal of R and f : L — Rpg is a right R-homomorphism
with Imf = aR such that r(a) = 0. Let a = f(b), for some b € L, then Imf = aR = f(b)R. It is
easy to verify that L = bR + Kerf. Since r(a) = 0, we claim r(b) = 0. Indeed, assume = € r(b),
then bz = 0, ax = f(b)x = f(bz) = f(0) = 0. So = € r(a), and hence x = 0. It follows that
flor is given by left multiplication by [2, Proposition 2.2] since R is a right GC2-ring. Clearly
fliery is also given by left multiplication by 0. Hence by earlier part of the proof, f is given by
left multiplication. The proof is complete. O

It is obvious that right I P-injective rings are right S-I P-injective rings for any S. In general,
the converse is not true. In fact, the ring Z of integers is J(R)-IP-injective, but not GC2, and

hence it is not I P-injective by Proposition 2.6.

We know that right I P-injective rings satisfy the right GIN conditions by [4, Theorem 2.2].
Generally, for a right S-I P-injective ring, where S' is a left ideal, we have the next corresponding

proposition.

Proposition 2.8 Ifaring R is right S-I P-injective, where S is a left ideal of R, then l[(aRNK) =
l(a) + I(K) for each pair of right ideals K and aR of R with a € S.

Proof 1t is clear that [(aRN K) 2 I(a) + I(K). Conversely, let ¢ € [(aR N K). Define a right
R-homomorphism « : aR + K — Rp via ar + k +— tar for r € R, k € K. Then it is easy to
see that « is well-defined and Ima = taR. Since S is a left ideal and a € S, then ta € S. By



30 Journal of Mathematical Research and Exposition Vol.26

hypothesis, « is given by left multiplication by an element ¢ of R, so tar = c(ar + k) for all
re Randall k € K. Let r =1, k = 0, then t — ¢ € l(a), and let r = 0, then ¢ € I(k). Thus
t=t—c+cella)+(K). O

Following [2], a ring R is said to be right J P-injective if every right R-module homomorphism
f:aR — Rp where a € J(R) can extend to R. The next proposition give a relation between
the J(R)-IP-injective rings and the JP-injective rings.

Recall that a ring R is called left Kasch if every simple left R-module can be embedded in
rR.

Proposition 2.9 If a ring R is left Kasch right J(R)-I P-injective, then R is right J P-injective
with Z(Rg) = J(R).

Proof Assume a € J(R) and f : aR — Rp is a right R-homomorphism. It follows that

f(a)Soc(rR) = f(aSoc(rR)) = f(0) =0, so f(a) € I(Soc(gR)). Since R is left Kasch, we have

J(R) = I(Soc(gR)). Therefore f(a) € J(R). Note that Imf = f(a)R and R is right J(R)-IP-

injective, thus f can extend to R, and so R is right JP-injective. Consequently J(R) C Z(Rpg)

by [2, Theorem 3.6]. In addition, by [6, Proposition 4.1], R is right C2 since R is left Kasch, and

hence Z(Rg) C J(R), which shows that J(R) = Z(Rg) as desired. O
From now on, Z(R) always denotes the set {all idempotents of a ring R}.

Proposition 2.10 Let R be a right Z(R) U J(R)-I P-injective ring. Then

(1) R is a right C2-ring;

(2) Ifa € R such that aR is a simple right ideal or Ra is a simple left ideal, then for every
right ideal I of R, every right R-homomorphism f : I — R with Imf = aR is given by left

multiplication by an element of R. In particular, R is a right simple-injective ring.

Proof (1) Follows from [6, Proposition 4.4] since R is right Z(R)-I P-injective.

(2) Let f: I — R be a right R-homomorphism with Imf = aR. If aR is simple and
(aR)? # 0, then aR = eR for some e € Z(R). Thus, by hypothesis, f is given by left multiplication
by an element of R. If Ra is simple and (Ra)? # 0, then Ra = Re for some e € Z(R). SoaR = gR
for some g € Z(R). Thus f is also given by left multiplication by an element of R. If (aR)? =0
or (Ra)?> = 0, then a € J(R). Since R is right J(R)-IP-injective, then f is given by left
multiplication by an element of R. The last statement is immediate. O

The converse of Proposition 2.10 (2) is not true in general. The next example gives a right

simple-injective ring which is not right Z(R) U J(R)-I P-injective.

Example 2.11 Let R = Z o Z be the trivial extension of Z and Z, i.e., R = Z®Z is an abelian
group, with the usual addition and the following multiplication: (r,z)(s,y) = (rs,ry + xs) for
r,x,s,y € L.

Since Soc(Rpg) = 0, R is right simple injective. Let y =2 o« 0 € R. Then r(y) = 0, but y is
not a right unit. So R is not right GC2 by [2, Proposition 2.2], hence R is not right Z(R) U J(R)-
I P-injective by Proposition 2.10 (1).
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Corollary 2.12 Let R be a right Kasch, right Z(R) U J(R)-I P-injective ring. Then
(1) r(I(I)) = I for every right ideal I of R;
(2) J(R) =r(Soc(Rg)) = Z(rR);

(3) R is right JP-injective in case R is semilocal.

Proof Since R is right simple-injective by Proposition 2.10 (2), then (1) and (2) follow from [7,
Lemma 2.1].
(3) If R is semilocal, then R is left Kasch by [7, Lemma 2.2]. Thus R is right JP-injective
by Proposition 2.9. |
Recall that a ring R is called semiregular if R/J(R) is regular and idempotents of R/J(R)
can be lifted to idempotents of R. Following [8], a ring R is called right I-semiregular where I

is an ideal of R if, for any a € R, there exists e? = e € aR with a — ea € I.

Proposition 2.13 Assume that I is an ideal of a ring R, then every right I-semiregular right
Z(R) U I-IP-injective ring R is right I P-injective. In particular, every semiregular right Z(R) U
J(R)-1P-injective ring R is right I P-injective.

Proof Let f be any right R-homomorphism from any right ideal of R into Rr with Imf = aR,
a € R. Since R is right I-semiregular, we have aR = eR @ bR with e € Z(R) and b € I by [8,
Theorem 1.2]. Let 71 : aR — eR and 73 : aR — bR be canonical projections. Then Imm; f = eR
and Immy f = DR. By hypothesis, 7, f is given by left multiplication by element ¢; of R with
c¢; € R,i=1,2. It follows that f = m f + mo f is given by left multiplication by c¢; + ¢2, so R is
right I P-injective.

The last statement follows from the fact that R is semiregular if and only if R is J(R)-
semiregular!®. O

It is well-known that a ring R is a quasi-Frobenius ring if and only if R is a left Noetherian

right self-injective ring. This result can be improved as follows.

Theorem 2.14 A ring R is a quasi-Frobenius ring if and only if R is a left Noetherian, right
ACS (ie., for any a € R, r(a) is an essential submodule of a direct summand of Rg) right
Z(R) U J(R)-IP-injective ring.

Proof One direction is clear. Now, assume that R is a left Noetherian, right ACS right
Z(R) U J(R)-IP-injective ring. By Proposition 2.10 (1), R is a right C2-ring. Since R is right
ACS, then it is semiregular by [8, Theorem 2.4]. It follows that R is a right I P-injective ring by
Proposition 2.13. Therefore R is a quasi-Frobenius ring by [4, Theorem 2.7]. O

References:

[1] NICHOLSON W K, YOUSIF M F. Principally injective rings [J]. J. Algebra, 1995, 174: 77-93.

[2] YOUSIF M F, ZHOU Yi-qiang. Rings for which certain elements have the principal extension property [J].
Algebra Colloq., 2003, 10: 501-512.

[3] NICHOLSON W K, YOUSIF M F. On perfect simple-injective rings [J]. Proc. Amer. Math. Soc., 1997, 125:



32 Journal of Mathematical Research and Exposition Vol.26

979-985.

[4] CHEN Jian-long, DING Nan-qing, YOUSIF M F. On a generalization of injective rings [J]. Comm. Algebra,
2003, 31: 5105-5116.

[5] ANDERSON F W, FULLER K R. Rings and Categories of Modules [M], Springer-Verlag: New York, USA,
1974.

[6] NICHOLSON W K, YOUSIF M F. On quasi-Frobenius rings [C]. International Symposium on Ring Theory
(Kyongju, 1999), 245-277, Trends Math., Birkhduser Boston, Boston, MA, 2001.

[7] CHEN Jian-long, DING Nan-qing, YOUSIF M F. On generalizations of PF-rings [J], Comm. Algebra, 2004,
32: 521-533.

[8] NICHOLSON W K, YOUSIF M F. Weakly continuous and C2-rings [J], Comm. Algebra, 2001, 29: 2429-2446.

I-X 1P- RS

FoLH 2, A
(1. MR LRESREMT, L BT 210013; 2. FRREEER, L7 FEIE 210093)

R WH R, 2 ip(Rg) = {a € B fEE—TN R WHEEE R HE8 oR BHRFZSRETT
WE Ry AFTAMN, R OFA IP- ASTHFEHEAE R = ip(Rr), R A5 - AP HACY
{a € R:aR is simple} C ip(Rg). X3 R W—T4 S, A5 T S-IP- AETHFRIBER, B
Wi S Cip(Rr) BIFF. FHGE] T X FERe — LR R

KEEE: S-IP- FGIER; B - ETER;  C2- 3.



