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Abstract: In this article, we study the asymptotic properties for wavelet estimator of re-
gression function. By using the method of the probability inequalities, we obtain the r-moment
convergence, consistency and asymptotic normality for the wavelet estimator of g(-), which gener-
alize the corresponding results for mixing dependent random sequences.
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1 Introduction

Consider the estimation of a standard nonparametric regression model involving an

regression function ¢(-) which is defined on [0,1]
Yi=g(ti)+e (1<i<n), (1.1)

where {t;} are non-random design points, denoted by {¢;} and taken to be ordered 0 < ¢; <
- <t, <1, {&;} are random errors.

It is well known that regression function estimation is an important method in data
analysis and has a wide range of applications in filtering and prediction in communications
and control systems, pattern recognition and classification, and econometrics. So model
(1.1) was studied extensively.

For model (1.1), the estimator of ¢(-) is defined as

gn(t) = Z)@-/A_Em(t,s)ds, (1.2)
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The wavelet kernel E,,(¢,s) can be defined as follows: E,,(t,s) = 2™ Ey(2™t,2™s) =

2m 3 o(2mt — k)p(2™s — k), ¢(-) is a scaling function, where A; = [s,_1, s;] is a partition
kez
of interval [0,1], s; = (1/2)(t; + ti+1), and ¢; € A;,1 < i < n.

We knew that wavelets was used widely in many engineering and technological fields,
especially in picture handling by computers. In order to meet practical demands, since the
90s of the 20th century, some authors considered using wavelet methods in statistics.

It was well known that wavelet estimation methods was studied extensively, for in-
stance, Antoniadis et al. (1994) introduced wavelet analogues of some familiar kernel and
orthogonal series estimators, studied their finite sample and asymptotic properties, and dis-
covered that is a fundamental instability in the asymptotic variance of wavelet estimators
caused by the lack of translation invariance of wavelet transform; Sun and Chai (2004) on
the a-mixing stationary process considered the same nonparametric regression model in this
paper, the authors adopted wavelet method to estimate g(-) and studied it’s consistency,
strong consistency and convergence rate; Liang and Wang (2010) used the wavelet method

oo
to study semi-parametric regression model y; = z;6 + g(t;) + Vi, (Vi = > c¢je,—;), and
Jj=—00
obtained reasonable results; Hu et al. (2013), using the wavelet method, obtained some

estimators of the parametric component, the nonparametric component and the variance
function, investigated the asymptotic normality and weak consistence rates of these wavelet
estimators. In Lu and Tao’s (2012) a new wavelet-based algorithm was developed using
log-linear relationship between the wavelet coefficient variance and the scaling parameter.

Definition 1.1 A finite family of random variables {Y;,1 < j < n} is said to be
positively associated (PA). If for every pair of disjoint subsets A; and A of {1,-- -, n}, it
holds that

Cov{g1(Yi,i € A1), 92(Y},j € A3)} >0,

where g; and g, are nondecreasing coordinate wise for every variable and such that covariance
exists. Infinite families of random variables are said to be PA, if any finite subset of them is
a set of PA random variables.

The definition of PA random variables was introduced by Esary et al. (1967), who
studied it in detail. It is well known that PA random variables are widely encountered in
applications, for example, in reliability theory, in mathematical physics and in percolation
theory. For a recent review of this concept along with many probabilistic and statistical re-
sults, Yang and Li (2005) discussed the uniformly asymptotic normality of the nonparametric
regression weighted estimator in positively associated samples and gave the rates of the uni-
formly asymptotic normality; Li et al. (2008) studied uniformly asymptotic normality of
wavelet estimator of regression function, the rates of uniformly asymptotic normality were
shown as O(n~'/°); Xing and Yang (2011) discussed strong convergence rate for positively
associated random variables and gave the strong convergence rate; Li and Li (2013), using
the properties of positively associated random variables, obtained the precise asymptotic for

moving average processes, the results are some generalizations of previous results for moving
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average processes based on negatively associated random variables.
In this paper, we aim to discuss the asymptotic properties for wavelet estimator of a
nonparametric fixed design regression function when errors are strictly stationary and PA

random variables.

2 Assumptions and Main Results

In order to list some restrictions for ¢ and g, we give two definitions here.

Definition 2.1 Function ¢ is said to be 7 -regular (¢ € S,,7 € N) if for any [ < -y and
any integer k, one has |j—i"l| < Cr(1+ |z|)~t, where C}, is a constant depending only on k.

Definition 2.2 A function space H”(v € R) is said to be Sobolev space of order V,
i.e., if h € H” then / |h(w)|*(1 + w?)"dw < oo, where h is the Fourier transform of .

Some basic assumptions

(A1) g() € HY, v > 1/2, and ¢(-) satisfy the Lipschitz condition of order 1;

(A2) ¢(-) € S;, and ¢(-) satisfy the Lipschitz condition with order 1 and |¢(e) — 1| =
O(e) as € — oo, where ¢ is the Fourier transform of ¢;

(A3) max |si — si—1] = O(n™1h);

1<:<
(A4) (i) for each n, the joint distribution of {e;;# = 1,---n} is the same as that of
{&;,-- &}, where {&;i = 1,---n} is PA time series with zero mean and finite second

moment, sup E(£?) < oo; (i) sup E(§?+5) < oo for some § > 0;
i>1 j>1

(A5) &(q) =sup Y. |C0\_l(5i,sj)|, with u(1) < oo;
1EN j:|j—i|>q
(A6) there exist positive integers p := p(n) and ¢ := ¢(n) such that p + ¢ < n for

sufficiently large n and as n — oo, (i) gp=' — 0, (ii) pn=! — 0.
Our main results are as follows.

Theorem 2.1 Let {g;;1 < i < n} be PA errors with mean zero and sup Ee? = 02 <
1<i<n

00. Assume that assumptions (A1)—(A4) are satisfied. When 0 < r < 2, then
Elga(t) — g(t)|" = O(n™") + O(u,,") + O(2°™ /n)"/2.
Furthermore, let 22m/n — 0. When 0 < r < 2, then
lim Elg,(t) —g()]" = 0.

Theorem 2.2 Let {g;;1 < i < n} be identically distributed PA errors, and FE|e;| =
O(i=(+20)) Ee? = 02 < 0o. Assume that assumptions (A1)-(A3) hold, and 2™ = O(n!~7)
for 1/2 < 7 < 1, then

Sup lga(t) = g(t)] = 0.
Theorem 2.3 Let {¢;;1 <i <n} be PA errors with mean zero, assume that assump-

tions (A1)-(A3) hold, and 2™ = O(n'~7) for 1/2 < 7 < 1, then

gn(t) — g(t) a.s..
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Theorem 2.4 Let g : A — R is a bounded function defined on the compact subset A
of R* and (A1)-(A6) hold, we have

o (1) {ga(t) — (1)} 2 N(0,1).

Remark 2.1 Condition (A1l)-(A3) are general conditions of wavelet estimation, see
[2-5]; Condition (A4)-(Ab) are the same basic assumption as that used in literature (Yang
(2005)), this shows that both the weighted function estimation and wavelet estimation can
use the same assumption; proper selection of p, g for condition (A6) is easy to be satisfied,
thus assumption is reasonable, which is the same as the literature (Yang (2005)) too, so we
can see that the conditions in this paper are suitable and reasonable.

Remark 2.2 (I) Theorem 2.2 generalize and extend Theorem 2.1 of Li et al. (2008)
from the weak consistency to uniformly weak consistency, it meas Theorem 2.2 will be
satisfied under PA.

(IT) Theorem 2.3 of Li et al. (2008) using general method discussed uniformly asymp-
totic normality of wavelet estimator of regression function, the rates of uniformly asymptotic
normality were O(n~1/6), but Theorem 2.4 use theorem condition of Lyapunov central limit
to discuss uniformly asymptotic normality. Under the same condition, we get more ideal
results. So Theorem 2.4 improves and extends the corresponding results in Theorem 2.3 of
Li et al. (2008).

3 Some Lemmas

In order to prove our main results, we need the following lemmas.
Lemma 3.1 Under assumptions (A1)—(A3), we have

sup/ | B (z,y)|dy < oo;
(II) / |En(t,s)|g(s)ds = g(t) + O(n.,), where

(1/2my=2 1/2 <v < 3/2,

N = Jm/2m, v=3/2,
/2, v>3/2

(III) |/ m(x,y)ds| =02 /n), i=1,--- n;

V) 35 Bl = 007/

Proolf Th: proofs of (I) and (II) can see Antoniadis et al. (1994), and (III) and (IV)
can be found in Lemma 2.1(3) of Sun and Chai (2004).

Lemma 3.2 Let assumptions (A1)-(A3) hold, and {g;;1 < i < n} be PA random

variables with zero means, then

() Egn(t) = g(t) = O(nn) + O(n™),  lim Eg,(t) = g(t);
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(D) sup [Egn(t) = g(t)] = O(nm) + O(n™!), lim sup [Egn(t) — g(t)] = 0.

n—oo 0<t<1
Proof Follows immediately from Lemma 3.1 and the method used for proving Lemma

3.1 of Sun and Chai (2004).
Lemma 3.3 (see Li (2003)) Let {Z;,s > 1} be random variables, if there exists a

constant p > 0, with E|Z;| = O(i~(1%+29) then 3" Z; a.s. convergence.
i=1
Lemma 3.4 (see Yang (2005)) Let {{;,j > 1} be steady PA random variables with

zero means and supE(sz-) < oo, when 7 > 2 and § > 0, supE|§|"° < oo, u(n) =
jz1 j>1

O(n=(r=2+3)/29)  Also {a;,7 € N} is a sequence of real numbers, a := sup |a;| < oo.
Then .
E Zajﬁj < Ca™n'/?.
j=1

Lemma 3.5 (see Yang (2005)) Let {X; : j > 1} be a sequence of associated PA random

variables, and let {a; : j > 1} be a real constant sequence, 1 = mg < m; < --- < my = n.
my
Denote by Y, := > a;X; for 1 <1 <k. Then
j=my_1+1

<4t Y away||Cov(X,, X;)].

1<s<j<n

k k
Eexp (thYl) - HEexp(itYl)

=1 =1

4 Proofs of the Main Results

Proof of Theorem 2.1 By using the C,. -inequality and Jensen inequality for 0 < r < 2,

we have
Elga(t) —g@®)|" < 27 [|Egu(t) — g(t)]" + Elga(t) — Eg(t)|"]
< 27| Ega(t) — g(t)]" + C|Var(ga (1)), (4.1)
From Lemma 3.3 (I), we have
[Egn(t) —g(t)]" = O(n™") + O(n,,").- (4.2)

Assume that assumptions (A1)—(A4) and Lemma 3.1 hold, we have

Var(g,(t)) = Uii( /A Em(t,s)ds>2+0(22m/n) > Covleneny)

i 1<i<j<n

O(2" fn) + 02" /) - Y Covlenien)

i=1 j=i—1

= 0(2*"/n). (4.3)

Therefore, the conclusion follows from relations (4.1)—(4.3) and 2%™ /n — 0.



538 Journal of Mathematics Vol. 36

Proof of Theorem 2.2 We write

sup |g.(t) — g(t)| < sup g (t) — Egn(t)| + sup [Egn(t) — g(t)| = Luz + Lna.  (4.4)

0<t<1 0<t<1 0<t<1
By Lemma 3.2 (II), we have
Iy — 0 (n— 00). (4.5)

Now, I,,3 can be decomposed as

I, = su €; E s| = su Ei/ E,.(t,s)ds I(s;_1 <t<s;)ds
: 0<£12 /. pz , Enlt s3Iy <1< )
< sup Ze,/ Z m(t,8) — En(tj,8))(sj—1 <t < s;)ds
0<t<1 A
+Os<1t11<)1 Zel/ ZE (t,s)dsI(sj—1 <t < s;)ds| = In31 + Inso. (4.6)
‘L _7 1

By condition of Theorem 2.2 and Lemma 3.3 we have

I,31 < su €; E,.(t,s) ti,s)|I(si1 <t<s;)ds
y ogé’l;' n S Ep(ty,5)1(s-1 <t < 3,)

7, j 1
€
< C sup sl|/ 222"‘/11 (sj-1 <t <sj)ds Z |4l/3: n~43),(4.7)
o<t<1 \ T A n
< su I(s;_1 <t <s, &
b € g [5 10500 <19 |3
< I t <
>~ ()S<1t1£)12 Sj—1 < 3_7 112]32% Zgz/ 7n
< .
B 1I£lj'a§xn z;EZ/A.E
P ;

By the Markov inequality, Lemma 3.1 and Lemma 3.4, we have

ZP<Z|€1/’ (¢, 5)ds| >E) . ( e: [, E L n(t,s ds|>

(n712m)rnr/2
n—1/12

P(|L5| > n~'1%)

IN

< Cn =Cn! /12 0, (4.8)

therefore |I,32] = O(n~'/'2). Therefore by (4.7) and (4.8) we have I,3 — 0 (n — o0),
combining (4.5) Theorem 2.2 is verified.



No. 3 Asymptotic properties for wavelet estimator of regression function based on PA errors 539

Proof of Theorem 2.3 We observe that

|9 (t) = g(O)] < [gn(t) — Egn(t)] + [Egn(t) — g(t)]. (4.9)

By Lemma 3.2 (I) we have |Eg,(t) — g(t)] — 0. Then according to (4.11) we only need to
verify that

lgn(t) — Eg,(t)| — 0. (4.10)

By the Markov inequality and Lemma 3.4, Lemma 3.1 (III) we have

[Egn(t) — ga(t)] = 61

T

m(t, 8)dse;

P ; E <
(2351 /Ai m(t,s)ds >€) < =

/ E,.(t,s)ds
A;

ZP(ZQ/ tsds>€><oo,

then by Borel-Cantelli lemma, we have

Zaz/ w(t,s)ds — 0 as.. (4.11)

Therefore by (4.10), (4.11) combining (4.9) and Theorem 2.3 is verified.
Proof of Theorem 2.4 Let

o (x) = Var(ga(x)), Su(t) =0, (O{ga(t) — 9()}, Zni = 0, "e /A En(t,s)ds

i

n'/? = Cn=Y,

IN

c

Therefore

for i = 1,---,n, so that S, = > Z,;. Let k = [n/(p + q)]. Then S, may be split as
Sp =S8/ + 8!+ 5" where

k k
/ 2 : " 2 : ’ "no__ .1
Sn = Ynm, Sn = Ynm> Sn - ynk—i—l’
m=1 m=1

km+p—1 lm+g—1

E : ’ § ’ §
Zni7 Ynm = Zni? ynk+1 = Zni?

i=km 1=l i=k(p+q)+1

kn=(m—=1)p+a)+1, bn=(m-1p+qg+p+1, m=1--k
Thus, to prove the theorem, it suffices to show that

E(S!)? —0, E(S!)? -0, (4.12)

s 4 N(0,1). (4.13)
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By Lemma 3.4, (4.3), A5 and A6, we have

B(sI? - zil'"i“(/ Bt s)ds)zE(éz')z

m=1 i=l,,

o? Z Z / /A E,.(t,s)dsCov(e;,, s,)

m=11,,<i<j<ln,+q—1 i2
lm+q—11s+g—1

o? Z Z Z/ AEm(t,s)dsCov(ail,siQ)

1<m<s<k ir=lm ia=ls iz
ko lnta—1  k  lotq—1
< {kq+zz —1)Cov(er,eiq1 +Z Z Z Z Cov/( 51751+1)}/
m=1 i=1 m=1 i1=l,, s=m+1 i2=lg

< C{kq+ ku( + ku(p)}/n < Ckq < Cqp~' — 0,

E(SI? < o7 ( / (1, )5 B(e,)?
i= kp-i-q)—i-l
+20,2 Z / E,.(t,s) / E,.(t,s)dsCov(e;,,€i,)
k(p+q)+1<ii<iz<n Aiy
n—k(p+q)—1
< C’{(nk(p+q))+ Z COV(€1761'+1)}/”
i=1

< C{(n/lp+q) —k)(p+q) +u(l)}/n<Cpn~" —0.

Thus (4.12) holds.
We now proceed with the proof of (4.13). Let I', = Y. Cov(yni, Yn;), and s2 =
1<i<j<k

k
> Var(ynm), then s2 = F(S/,)? — 2T',,. Apply relation (4.12) to obtain E(S})? — 1. This
m=1

would also imply that s> — 1, provided we show that T, — 0
Indeed, by assumption (A5) we obtain u(q) — 0. Then by stationarity and theorem

condition, it can be shown that

ki+p—1k;j+p—1

o< > > > B, (t, s)ds/ B (t, s)ds| |Cov(es, &)
1<i<j<k s=k; t=k; As A

k—1 k;+p—1 ko kjt+p—1

< 0y Y / En(t,s)ds| Y > |Cov(ens, )l
i=1 s=k; j=itl t=k;
k—1 k;+p—1

< C’Z Z / t,s)ds| - sup Z |Cov(ej, &)
=1 sk 32 >

< Cu(q) — 0. (4.14)

Next, in order to establish asymptotic normality, we assume that {n,, :m=1,---  k}

are independent random variables, and the distribution of 7,,, is the same as that 7,,, for
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m=1,--- k. Then En,,, =0 and Var(n,m) = Var(ynm). Let Tnm = Dnm/Sn,m =1, |k,
then {1}, m = 1, -+, k} are independent random variables with ET,,,, = 0 and Var(T},,,) =
1. Let ¢x(t) be the characteristic function of X, then

2
¢ t) —e t/?
Xk: yrwn( )
m=1
k k k
2
S EeXp (Zt Z yn’m> - H EeXp(iter7rz) + H Eexp(itynm) - eit /2
m=1 m=1 m=1
k k k
2
< |Fexp (z’t Z ynm> - H E exp(itynm)| + H E exp(itn,m) —e ™" 2|
m=1 m=1 m=1

By Lemmas 3.5, relation (4.14), we obtain that

k k
Eexp (it Z ynm> - H E exp(itynm)

m=1 m=1

ki+p—1k;j+p—1

<ar 33 Y (Coz., 7))

1<i<j<k s=k; t—=k;
/Em(t,s)ds/ E,.(t,s)ds
As Ay

ki+p—1kj+p—1

DD M SR

1<i<j<k s=k; t=k,
< Ct*u(q) — 0.

|Cov(es, &)l

Thus, it suffices to show that 7, 4N (0,1) which, on account of s2 — 1, will follow

k
from the convergence > Ty 4N (0,1). By the Lyapunov condition, it suffices to show

m=1
that for some r > 2,
k
1
— Elnpm|” — 0. 4.15
- 2_:1 [am|” = (4.15)
Using Lemma 3.4 and (A6), we have
k k k km+p—1 r
S Bl = Yyl =0, YB3 & [ Eultio)is
m=1 m=1 m=1 i=kum, A;
k
S CO’;T Z(Qm/n)rpr/2 _ C(pnfl)r/Qfl N 0’
m=1

so (4.15) holds. Thus the proof is completed.
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