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Abstract：The problem of H suboptimal control for a class of singular systems with time—delay is addressed in this pa— 

per．Under some conditions，a singular system wi th time—delay can be tramformed into a system that consists ofa differential e— 

quation and an algebraic equation．By using LMI approach，a memory·less controller is designed to solve the H subo ptimal 

control problem for this class of systems ． 
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一 类带有时滞的广义系统的 H 控制：一种 LMI方法 

周绍生0 李洪亮0 冯纯伯 

(1．曲阜师范大学自动化研究所 ·山东曲阜，273165；2．东南大学 自动化研究所·南京，210096) 

摘要：利用线性矩阵不等式方法研究了一类带有时滞的广义系统的 H 控制问题．在一定条件下，一个时滞奇 

异系统可以转化成由一个微分方程和～个代数方程组成的系统，基于线性矩阵不等式方法给出了使这类 系统 H 

干扰抑制性能指标满足要求的无记忆状态反馈控制设计． 

关键词：广义系统；时滞；H 次优控制；LMI方法 

1 Introduction 

Since the time delay is frequently viewed as a source 

of instability and encountered in various engineering sys— 

tems such as chemical processes，long transmission lines 

in pneumatic systems，etc．，the study of delay systems 

has received much aaention and various topics have been 

discussed over the past years；see【1～4j．Meanwhile， 

singular system has also received much attention due to 

its profound and practical background．Many research 

results on regu lar systems are extended to singu lar sys— 

tems[ 9。
． Because of its nice numerical f ture． tl1e 

linear matrix inequality(LMI)are popularly used in the 
system and control theory[ ' 

． The stabilizing problem 

of the singu lar systems  is addressed by using LMI in 

l5 J．The H control problem of the singular systems is 

discussed in l 9]．Consider the following system： 

= Ax+Bx(t—d)+Cu 

with E being singular matrix．Th e pencil sE ——A is prop— 

er and the pair(E，A)has no impulsion．The triple(E， 

A，C)is impulsively controllable．Under some condi— 

tions，this system can be transformed  as 

戈l(t)=A3 l+Al l(t—d)+A2 2(t—d)+El(u+cl／2， 

2(t)=Bl l(t—d)+B2 2(t—d)+E2 +c2／2， 

2 = DIXl+ D2x2+ E3w， 

where A3，E3，A ，Bi，C ，D ，E (i= I，2)are known 

constant matrices，Xl，x2 denote the state of the system， 

d > 0 is a constant denoting the tim e delay，u，：， are 

the input，controlled output and distm-bance respective一 

1y．In this paper we consider the case that the slow vary— 

ing subsystem is free of disturbance(that is El=0)， 

r戈l(t)=A3 l+Al l(t—d)+A2 2(t—d)+cl ， 

{ 2(￡)=Bl l(￡一d)+B2 2(￡一d)+E2 +c2u， 

L。 = DI Xl十 D2x2+ E3 co． 

(1) 

W e assume that the solution of the system is the one 
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with admissible initial condition．Throughout the paper， 

we simplify ollr notation of Xl(t)tO l and simp~fy the 

other variables in the same way． 

The objective of the controller design in this paper is 

as follows： 

Definition 1[ ] Consider system (1)．For any 

given number)，> 7o≥ 0，where 7o is a non—negative 

number，find a state feedback control law SO that the 

closed loop system is stable and the 一gain from the 

exogenous input to the regulated output is less than or e— 

qual to 7．This problem is called the Hm control problem 

with performance leve1)，． 

Under some assumptions，we veill construct state feed— 

back control laws to solve the H control problem by US— 

ing LMI． 

2 Some results for unforced systems 

Consider the following system 

r贾l(t)=Ao l+Al l(t—d)+A2 2(t—d)， 

{ 2( )=Bo l+Bl l(f—d)+B2 2(f—d)+EE co， 

L： = Dl l+ DEX2+ E3w． 

(2) 

Let 

△=E；E3+E (Q2+Dj)E2+E；D2E2+E2T上，2TE3， 

1’(Q2+ D2)B2 1 

j(Q2+DjD2) 2一Q2 J’ 

(4) 

『 1’(Q2+ D2)E2 

A2t 【 (Q + D )E 

以2=以2l以Tl， 

JD= 一(△)， 

(5) 

(6) 

(7) 

where Ql and Q2 are definite positive matrices which 

meet soiile requirements． 

It follows from(3)that△≥0．Noting(7)，we have 

l0≥ 0．Let 70=4l0． 

Assumption 1 In system(2)，for any)，>70 I>0， 

assuIne thatA < 0，where 

A =Al+ A2，曲 =1， =)， 一10． (8) 

I et 

f PAo+A P+Ql+D1’Dl PAl PA2] 
ll = I A1’P —Ql 0 I， 

L AjP 0 一Q2J 

f D；Dl+D D2Bo D D2Bl DTD2B2] 

l2 I Tl 2TDl 0 0 I， 
L 2T上，2TDl 0 0 J 

(3) (9a) 

f 『N(02+ D2) +8~OIE3+DTD2E2+oIE3]T 
J 2l=l 研(Q2+ D2)E+ E3 I， 1 l 

(Q + D2)E。+ T T J 

L 2= 2l 2l， 

(10) 

(P)= l+ 2． (11) 

W e have the following result． 

Theorem 1 Consider system (2)嗽 Assumption 

1．If for any)，>70≥0 the following LM1 with (P) 

being defined by(9)，(10)and(11) 

(P)<0 (12) 

has positive definite solutions P，then system (2)has 

H performance with leve1)，． 

Proof W e introduce a Lyapunov Krasovskii function 

for system (2)of the form 

V = 

(9b) 

T l+1．[ i’(s)Ql l(s)+ ；(s)Q2 2(s)]以． 

(13) 

The time derivative of V along the solution of the system 

(2)is given by 

= 2 1’ l+ 1’Ql l一 1’(t—d)Ql l(t—d)一 

d(t—d)Q2 2(t—d)+ j(t)Q2 2(t)． 

(14) 

Let 

= [ T， 1’(t—d)， j(t—d)， T (15) 

With the view of(2)，(14)and(15)，we have 

『- o+A P+Ql PAl PA2 0] 

=  
T

I Az；iPP。 一 7l一0Q 三J + L 
0 0 0 0j 

Q  

一 
研 咖 

D 

+ Q  

＼  

1l____lJ  

3  3  E E 

T2 T2 D D 

T ● T 2 

+ + 

n 

，

∑ ㈦ 

= 

n 

，  

1●●●●●●●●●J  

2  2  2  B  

、 、 、 

2  2  2  D D D 

T2 T2 T2 D D D 

+ + + 

2  2  2  Q  Q  Q  

／ ， ， 

TO T● T2 B 

i  B 

、 、 、 

2  2  2  D D D 

T2 T2 T2 D D D 

+ + + 

2  2  2  Q  Q  Q  

， ， ， 

TO T● T2 B 

O  O  O  
B  

、 、 、 

2  2  2  D D D 

T2 T2 T2 D D D 

+ + + 

2 2  2 Q  Q  Q  

， ， ， 

TO T● T2 B  

—．．．．。。．．．．．．．。．．．．．．．．．．L  

= 

B 
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= 一  li + (27) 

= 一 ff。fJ + T I z+2ZTn2 +
60T~GO 

Recalling Assumption 

haVe 

V≤～ ff +y 』』 』 

(30) 

2 and using(8)and(3O)
， W e 

f +Xvg21 +2ZT 
一 盯 ff 2． 

By completing the square
， 。ne getS 

(31) 

㈤ 

n ， 捌 

{吾 + ，L rv ，=： h 地 =l； 

f  + 
t ， ，二 

H w 

( N十 

． a 
嘣 

Ⅵ n 

．萤 T．至 
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≤一 l1 z I1 + 

Tln21) 

y2 I1 

一 盯

lI I1 +ZT(n1+ 
一 扣 。 (32) 

西 = 一 z- ． (33) 

It follows from(10)，(11)，(32)and(33)that 

f，≤一 ll +y ll ll + Tn(P) 一盯ll o3 ll 2． 

(34) 

By using(12)，we have 

≤一 ll +y ll cu (35) 

The result is established by using(35)． 

Remark 1 Assumption 1 is a necessary condition 

f0r the existence ofthe solutions forLMI(12)．In fact， 

n。ana p ned as~。=【 ，]and 
r * * 1 

= 【 A j·Thus g2(P)can be partiti。ned as n(P) 

= 【 t is c·ear山at以<oir ．h 
the next section，we will consider the H control prob— 

lem for system (1)． 

3 Main results 

We make the following assumption for system (1)． 

Assumption 2 

C2≠0． (36) 

Let 

0l=Q2+DTD2+(Q2E2+DTE3+ 

DTD2E )(Q2E2+DTE3+DTD2E2)T． 

(37) 

It is clear that O1> 0． 

Le t 

O =@ C2． (38) 

It follows from As sum ption 2 that@ 0． 

fLrst introduce a lemrna． 

Lemma 1 For any matrix which is not zero ，there 

exists a matrix Y-1 of full row rank such that 

@T@ = 1
．  (39) 

Proof Noting that OTO ≥ 0，then there exists an  or— 

thogon~ matrix such that 

@ 】Ⅳ' (40 
where > 0． 

t 

1 ： [ 1 ⋯ 0]N． (41) 

We see that 1 is of full row rank and satisfies (39)． 

Th e proof ends． 

It follows from 1 being of full row rank that 1 is 

nonsingular．W e can define a matrix 11 as 

11= j’( 1 j’) 1． (42) 

Le t 

Ao：A3—2aC1HCTP，Bo=一2aC211cWp． 

(43) 

W e have the following theorem ． 

Theorem 2 Consider system (1)under Assump— 

tions 1，2．If for any y > yo≥ 0 the LMI 1"2(P)<0 

and with 1"2(P)being defined by(9)，(10)and(11)， 

has positive definite ．solutions P，where Ao and Bo are 

defined by(42)，then the H control problem for sys— 

tem (1)is solved by the state control law 

= 一 2MICTpx1
， (44) 

where d is defined by(8)andⅡdefined by(37)～(39) 

and(42)． 

Proof We will make clear that 1"2(P)is a linear ma— 

trix wi th respect to matrix P．To do this，we see that the 

nonlinear terms of P in 12(P)are only in the first row 

and first column entry of 1"2(P)．The entry is denoted 

by1"2(̈ )
． It follows from (9)，(10)，(11)and(38) 

that 

1"2( ̈ ：
一 4aPCl11GTP+4aPClncl[Q2+DTD2+ 

(Q2E2+DTE3+D D2E2)(Q2E2+DjE3+ 

DTD2E2)T]C2盯c7’P+#， (45) 

where # denote the matrices ale ofless interest． 

With the view of(37)，(38)and(45)，we have 

1"2( ̈ =4aPCl[noTo1I一11]cTp+#．(46) 

It follows from (39)and(42)that 

110T011 = 111 = 

zI(z1z1)I2 1 |f 1Zl~(Z1 1’)I2 1= 

j’( 1 |f) 1=11． (47) 

it is clear from(45)，(46)that 1"2(P)is a linear matrix 

with respect to matrix P．With the view of(1)，(43) 

and(44)，we see that the resulted closed—loop system of 

(1) th control law (44)is(2)．The conclusion of 

Th eorem 2 is established by using Th eo rem 1． 
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4 Conclusion 

The pmb~m of H suboptimal control for a class of 

singular systems with time—delay is investigated by using 

LMI approach．Under some conditions，a singular sys— 

tem wi th time—delay can be transformed into a system 

that consists of a differential equation and an algebraic e— 

quation． The H subo ptimal control problem of this 

class of systems  is solved by using LMI appmach．All 

the results are obtained with the assumption that the dif- 

ferential subsystem(slow varying subsystem)is flee of 

disturbance．Th e state feedback control law is only con— 

stmcted by the state of the slow varying subsystem ．Th e 

analysis results are sufficient and may not be necessary． 

Th e future work wi ll be focused on the following： 

‘ Analysis of the system with full state feedback； 

‘ Control design for slow varying subsystem with dis— 

turbance ； 

· Output feedback contro1． 
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