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Abstract: The problem of H., suboptimal control for a class of singular systems with time-delay is addressed in this pa-

per. Under some conditions, a singular system with time-delay can be transformed into a system that consists of a differential e-

quation and an algebraic equation. By using LMI approach, a memory-less controller is designed to solve the H., suboptimal

control problem for this class of systems.
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1 Introduction

Since the time delay is frequently viewed as a source
of instability and encountered in various engineering sys-
tems such as chemical processes, long transmission lines
in pneumatic systems, etc., the study of delay systems
has received much attention and various topics have been

discussed over the past years; see [ 1 ~4]. Meanwhile, |

singular system has also received much attention due to
its profound and practical background. Many research
results on regular systems are extended to singular sys-

[5-9]

tems . Because of its nice numerical feature, the

linear matrix inequality (LLMI) are popularly used in the

system and control theoryfg’m}

. The stabilizing problem
of the singular systems is addressed by using LMI in
[5]. The H.. control problem of the singular systems is
discussed in [9]. Consider the following system:

Ei = Ax + Bx(t - d) + Cu

with £ being singular matrix. The pencil sE - A is prop-

er and the pair (£, 4 ) has no impulsion. The triple ( £,
A,C) is impulsively controllable. Under some condi-
tions, this system can be transformed as
£1(t) = Az, +A 1%, (t—d)+Ar2(t - d) + Eyw + Crue,
2(t) = Bix(t=d)+Byx(t—d) + Es0 + Cou,
z = Dixy + Dyxy + Fyw,
where Az, Ez,A;,B;,C;,D;,E;(i = 1,2) are known
constant matrices, x;, x, denote the state of the system,
d > Ois a constant denoting the time delay, u, z,w are
the input, controlled output and disturbance respective-
ly. In this paper we consider the case that the slow vary-
ing subsystem is free of disturbance (that is £, = 0),
£1(1) = Az + A1 (t=d) + Ay, (t - d) + Cyu,
%2(t) = Bix (t~d)+ Byxy,(t-d)+ Eyw + Cou,
z = Dixy + Dyxp + Esw.
(1)

We assume that the solution of the system is the one
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with admissible initial condition. Throughout the paper,
we simplify our notation of x(¢) to x; and simplify the
other variables in the same way.

The objective of the controller design in this paper is
as follows:

Definition 1!'!/
given number ¥ > 7, = 0, where ¥, is a non-negative
mumber, find a state feedback control law so that the
closed loop system is stable and the L,-gain from the

Consider system (1). For any

exogenous input to the regulated output is less than or e-
qual to 7. This problem is called the Ho, control problem
with performance level 7.

Under some assumptions, we will construct state feed-
back control laws to solve the Hs, control problem by us-
ing IMI.

2 Some results for unforced systems

Ay =
[BT( Q2+ D3D;) B - Qy B{(Q;+D3;D,) B, ]
B3( Q2+ DID,) B B}(Qy+D}D;) By~ 0yl
. (4)
) [BI(Q2 + D1D2) Ey + BTD§E3] s)
"o B’zr( Q2 + DgDz)Ez + BngEs ’
Ay = AyAjy, (6)
= Amx(A), (7

where @, and (Q, are definite positive matrices which
meet some requirements .
It follows from (3) that A = 0. Noting (7), we have
p=0.Lety, = Vp.
Assumption 1 In system (2), for any ¥ > 7o =0,
assume that A < O, where
A=A +8A,, 80 =1,06=7"-p. (8)

Consider the following system Let
21(t) = Agxi + A1z (£ d) + Ay xo(t - d), ( [ PAy + AGP + Q1 + DID, PA,  PA; |
%2(t) = Box +Byx1(t-d)+Byxy(t-d) + Eyw, Qu = ATP - & 0
2 = Dyxy + Doy + Ezw. ) - AP 0 - Qud
2) " BIDID, + D[D,By D{D,B, DTD,B,]
Let 0 = BID;D, 0 0 ,
A = EYEs+ EJ(Qy+ D}) Ey+ ESDyEy + Ef D} Es, L BiD;D, 0 0
(3) (9a)
B§( Q. + DID;)By Bi(Qa + DID;)B;  Bg(Qz + DID,) B, ,
Qp = | BI(Q; + DID:)By  BI(Qz + DIDy)B, BI(Qy+ DID)B: |, 2y = 2 0y, (9b)
BI(Q, + DID) By B(Qs + DID))B, BI(Qs + DID;)B,
B3(Qo+ DD Ext BDIEst DIDaEs+ DTES]  Tpy 4 [* [4T(5) Qumn(s) + #3() Qara( ).
Qy = BY(Q, + DIDy)E + BID}E; : -d (13)
Bi(Q> + DiD)E + BiD3Es The time derivative of V along the solution of the system
Q= 050, (2) is given by
(10) V =2xTPi +21 Q12— 2] (t—-d) Q2. (t-d) -
Q(P) = 2, + 802,. (11)

We have the following result.

Theorem 1 Consider system (2) under Assumption
1. If forany ¥ > 7o = O the following LMI with 2( P)
being defined by (9), (10) and (11)

n(P) <0 (12)

has positive definite solutions P, then system (2) has

H,. performance with level 7.
Proof We introduce a Lyapunov Krasovskii function
for system (2) of the form
V =

x3(t = d)Qrx2(t = d) + x7(2) Qrx,(2).

(14)
Let
x = [2],27(t - d),23(¢ - d),0™]". (15)
With the view of (2), (14) and (15), we have
PAo + AP + Q, PA, PA, O
V = &7 ALP -0 00 %+
APy 0 -Q 0
0 0 0 0
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B! Let

A BY
x' ; Q.[B, B, By E;]x. (16)
B,
E7
Letting
PAo + AGP + @, P4, P4, 0
M, - AlP -¢; 0 ¢ ,
ATp 0 -0, 0
0 0 0 0
(17)
(16) becomes
Bg
L o BT
V = x'M,x + x7 BT 02[30 Bl Bz Ez]x
2
£y
(18)
Note that
[(Dlx,+E3w)+sz2]T[(D,x,+E3w)+D2x2] =
(D]X]+E3QJ)T(D]-’C]+E3CU)+
53 DIDyx, 4 253D3( D%y + Ey). (19)

BiDID, + DD, B, DiD,B, DD, B,
BIDID, 0

M, =
’ BIDID, 0

EIDID, 4+ EID, B, EID,B,

1 view of (20) and (24), (19) becomes
[(D,x]+E3cu)+sz2]T[(D|x1+E3w) + szz] =

v (M2 + My)x + 2]DID, x,. (25)
-t
Bj
BT ,
My = T (02+D202)[Bo B, B, E,],
B,
E;
4
M= > M,
=1
(26)

he right-hand side (RHS) of (18) can then be e-
alently written as follows, by adding the identically
function - || 7 (|2 , N (My+ My)x 4 303Dy,
using (2) ;

V=c_ |z 12+ 2" M. (27)

Dl DD, 0 0 DI E;
=l D 00 gyl O 00 0 ,
0 0 00 o
ET EID, 0 0 ETE,
(20)
Bj
_ BY
My = gt 2DJ[D, 0 o E,]. (1)
E}
It is clear that
2BiDID, 0 o 2B D{E,
_ 2BTDID, o0 o 2B/ D{E, .
M = 2BIDID, 0 o 280p1p, | ¥
2E3D]D, 0 0 2E;D{E,
Let
My = 3(i5 + i), (23)
One gets
B{DIE, 4+ DiD,E,
0 BiDIE,
‘ (24)
0 BIDIE,
E3D,B, EIDIE, 4+ E{D,E,
Let
X = Lalaf(e = @), 230 - iy (28)

Recalling (15), we get x = [x" &™) 1t is clear
that M = M". The matrix M can be partitioned as fol-
lows

M = [Q‘ 02[’}, (29)
2 A
where A, 2, and {22 are defined by (4) . (9b) and
(10).
It follows from (27) -~ (29) that
V=c: 12+ XT.O]X + ZXT.Q;,w + @"Aw.
(30)

Recalling Assumption 2 ang using (8) and (30), we

have

V-2 |24 Il |l 2+XT-le+2XT.Qg]w——G Il a2
(31)

By completing the square, one gets
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Ve-lz1%+ P loll®+ x"(Q +

2
8\03‘1\021);{ —0flw — %QZIXH . (32)
« 1
@ = w — ;Q2IX' (33)

It follows from (10), (11),(32) and (33) that
Ve- lzI12+ 7 lell?+ y"2(P)y - ol & ll?.

(34)
By using (12), we have
Ve-lzI1?2+ 7 lewl? (35)
The result is established by using (35) .
Remark 1 Assumption 1 is a necessary condition

for the existence of the solutions for LMI (12). In fact,

* *
2, and (2, can be partitioned as {2, = [ « A ] and 2,
1

* *
=[* A].'IhusQ(P)canbepartitionedasQ(P)
2

*® *
= [ . A]' It is clear that A < Oif (12) holds. In

the next section, we will consider the H. control prob-
lem for system (1).
3 Main results
We make the following assumption for system (1) .
Assumption 2

Let
O, = 0, + DID, + (QE; + DJEs +
D}D,Ey)(Q,E, + DYE; + DID,E)T.
(37)
It is clear that ®; > O.
Let

0 = @1_é C,. (38)
1t follows from Assumption 2 that & -« 0.
We first introduce a lemma.
Lemma 1 For any matrix which is not zero, there
exists a matrix ¥, of full row rank such that
e'e = =73,. (39)
Proof Noting that @@ = 0, then there exists an or-
thogonal matrix such that
3 0

0 0] N, (40)

e'e = NT[

where 5 > 0.

Let
S =13 ol V. (41)
We see that = is of full row rank and satisfies (39).
The proof ends.

It follows from = being of full row rank that 3, =T is
nonsingular. We can define a matrix II as
I =={(z,2)73,. (42)
Let
Ao = A3 — 20CIICTP, By = — 206C,IICTP.
(43)
We have the following theorem.

Theorem 2 Consider system (1) under Assump-
tions 1,2. If forany ¥ > ¥ = Othe LMIQ(P) < 0
and with 2 ( P) being defined by (9), (10) and (11),
has positive definite solutions P, where A, and B, are
defined by (42), then the H.. control problem for sys-
tem (1) is solved by the state control law

u = - 20lCTPx,, (44)
where ¢ is defined by (8) and IT defined by (37) ~ (39)
and (42).

Proof We will make clear that 2( P) is a linear ma-
trix with fespect to matrix P. To do this, we see that the
nonlinear terms of P in Q( P) are only in the first row
and first column entry of 2( P). The entry is denoted
by 2V, It follows from (9), (10), (11) and (38)
that
0 - _ 46PC,IICTP + 46PC\IIC3[ Q2 + DDy +

(Q2E, + DJEs + DID,E;)(QzE, + DJEs +
DID,E)TICICTP + #, (45)
where # denote the matrices are of less interest.

With the view of (37), (38) and (45), we have

QU = 45PC\[1IO"OI - 1CTP + #. (46)

It follows from (39) and (42) that

nme'en = =11 =

12,2122, 212, 21(3,3D) 7?22, =

sT(z,2D2=, = 1. (47)
It is clear from (45),(46) that 2( P) is a linear matrix
with respect to matrix P. With the view of (1), (43)
and (44), we see that the resulted closed-loop system of
(1) with control law (44) is (2). The conclusion of
Theorem 2 is established by using Theorem 1.
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4 Conclusion

The problem of H., suboptimal control for a class of
singular systems with time-delay is investigated by using
LMI approach. Under some conditions, a singular sys-
tem with time-delay can be transformed into a system
that consists of a differential equation and an algebraic e-
quation. The H, suboptimal control problem of this
class of systems is solved by using LMI approach. All
the results are obtained with the assumption that the dif-
ferential subsystem (slow varying subsystem) is free of
disturbance. The state feedback control law is only con-
structed by the state of the slow varying subsystem. The
analysis results are sufficient and may not be necessary.
The future work will be focused on the following:

+ Analysis of the system with full state feedback;

+ Control design for slow varying subsystem with dis-
turbance ;

* QOutput feedback control.
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